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Abstract
In contrast to massless spinning particles, scalars are not heavily constrained by unitarity and
locality. Off-shell, no gauge symmetries are required to write down manifestly local theories,
while on-shell consistent factorisation is trivial. Instead a useful classification scheme for scalars
is based on the symmetries they can non-linearly realise. Motivated by the breaking of Lorentz
boosts in cosmology, in this paper we classify the possible symmetries of a shift-symmetric scalar
that is assumed to non-linearly realise Lorentz boosts as, for example, in the EFT of inflation. Our
classification method is algebraic; guided by the coset construction and inverse Higgs constraints.
We rediscover some known phonon theories within the superfluid and galileid classes, and discover
a new galileid theory which we call the extended galileid. Generic galileids correspond to the
broken phase of galileon scalar EFTs and our extended galileids correspond to special subsets
where each galileon coupling is fixed by an additional symmetry. We discuss the broken phase
of theories that also admit a perturbation theory around Poincare´ invariant vacua and we show
that the so-called exceptional EFTs, the DBI scalar and special galileon, do not admit such a
broken phase. Concentrating on DBI we provide a detailed account of this showing that the
scattering amplitudes are secretly Poincare´ invariant when the theory is expanded around the
superfluid background used in the EFT of inflation. We point out that DBI is an exception to the
common lore that the residue of the total energy pole of cosmological correlators is proportional
to the amplitude. We also discuss the inevitability of poles in 2 → 2 scattering amplitudes
when boost are spontaneously broken meaning that such theories do not admit Adler zeros and
generalisations even in the presence of a shift symmetry.
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1 Introduction and Motivation
Weakly coupled effective field theories (EFTs) of massless particles with linearly realised Poincare´
symmetries are incredibly constrained. At low energies, interacting spin-S = 1 particles are de-
scribed by Yang-Mills, a self-interacting S = 2 particle is the graviton of General Relativity,
particles with S ≥ 5/2 cannot self-interact and cannot interact with the graviton, while particles
with S ≥ 3/2 cannot have an electromagnetic charge. All of these statements, and more including
the inevitability of charge conservation, the equivalence principle and the presence of supersym-
metry for theories with a S = 3/2 particle, can be derived purely using on-shell methods4 and
without ever having to switch on a collider or think about a falling elevator. The proofs use
consistency of S-matrices, by which we mean they describe local and unitary physics, ranging
from demanding cancellations of spurious poles to consistent factorisation when intermediate
particles are taken on-shell [2–7]. This small list of allowed EFTs for massless spinning particles
in Minkowski space is a remarkable triumph in theoretical physics in the last 100 years or so.
However, scalar field theories which are prevalent in model building slip through this Poincare´
straitjacket. Unlike for spinning particles with S ≥ 1, it is very easy to write down an EFT
for a single scalar degree of freedom that does not introduce spurious poles or violate locality.
In an off-shell way of thinking we understand this since no gauge redundancies are required to
write down massless scalar EFTs, while in an on-shell way of thinking consistent factorisation
of say 2 → 2 scattering processes is trivial since the only on-shell three-particle amplitudes are
constant. For this reason we invoke additional global symmetries, beyond those of the linearly
realised Poincare´ symmetries, to distinguish between different scalar EFTs. These symmetries
are necessarily non-linearly realised since the Coleman-Mandula theorem tells us that a larger
set of linearly realised (bosonic) spacetime symmetries is not possible [8]. Throughout this pa-
per we will use the term linearly realised for symmetries that are unbroken by the vacuum and
non-linearly realised for those that are spontaneously broken by the vacuum.
Such a classification is complete and can be arrived at from two complementary methods:
an on-shell classification [9–12] and an algebraic classification [13, 14]. The former exploits the
fact that non-linearly realised symmetries yield particular structures in soft scattering amplitudes
which as part of on-shell data allows one to directly construct amplitudes and derive theories.
This soft bootstrap method is very powerful and in some cases can fully fix the theory. The latter
uses an algebraic analysis, within the framework of the coset construction [15–17] and inverse
Higgs constraints [18], to search for consistent Lie-algebras that can be non-linearly realised by
a single scalar degree of freedom. Indeed all of the new global symmetries must form a closed
algebra with the Poincare´ symmetries. An advantage of this second method is that no particular
power counting is assumed for the interactions and the classification remains oblivious to field
redefinitions. For linearly realised Poincare´ symmetries we therefore have an excellent under-
standing of the allowed particle content, interactions and symmetries for all spins5.
4The term on-shell methods is now widely used to refer to scattering amplitude techniques that bypass Lagrangian
formalisms thereby avoiding redundancies such as gauge invariance and field redefinitions. See [1] for a review.
5A complete classification for S = 1/2 fermions has also been performed in [13, 19].
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However, although the assumption of linearly realised Poincare´ symmetries is an excellent one
for particle physics and collider experiments, cosmology is very different. One of the distinguish-
ing features of cosmological EFTs is that the symmetries of the Poincare´ algebra are non-linearly
realised. Indeed, the FRW metric breaks both time translations and Lorentz boosts while main-
taining spatial translations and three-dimensional rotations as symmetries of the system. This
opens up the possibility that a richer structure for the particle content, interactions and sym-
metries is possible in cosmology. A word of caution though. We have no reason to believe that
Poincare´ symmetries are not ultimately a good symmetry of Nature. In cosmology, and also
condensed matter, the breaking of some Poincare´ symmetries is usually taken as spontaneous
and therefore expected to be restored and linearly realised at high energies. This is manifest in
e.g. the EFT of inflation [20] where a Goldstone boson is introduced to non-linearly realise the
broken time translations. In a theory where time translations are not broken spontaneously, no
such Goldstone would be necessary.
This motivates us to extend the above described classification of scalar EFTs to theories with
less linearly realised symmetry. Our aim in this paper is to construct a classification for scalar
EFTs that linearly realise some form of spacetime translations and spatial rotations while non-
linearly realising Lorentz boosts and other symmetries which have the power to constrain the
Wilson couplings. An analysis for spinning particles which makes use of the four-particle test [4]
will appear elsewhere [21]. Note that we are assuming that some form of time translations is a
symmetry of the vacuum. This allows us to maintain conservation of energy such that we have
a consistent set-up for scattering processes i.e. we have a conserved Hamiltonian and can define
asymptotic states. For P (X) theories a classification was presented in [22] and, allowing for a
breaking of the shift symmetry a classification for P (φ,X) theories was performed in [23]. Here
we go beyond leading order in derivatives.
One may worry that these assumptions, and the absence of a S = 2 particle, makes our results
irrelevant for cosmology. However this is not the case. Assume that the scalar fluctuation in a
cosmological EFT has a constant shift symmetry. This requires the scalar to be derivatively cou-
pled and therefore scattering processes are dominated by large momenta way above the would-be
Hubble scale H but below the cut-off of the theory which we denote as Λ. We can therefore
work in a flat space limit by sending H → 0 which is accurate up to O(H/Λ) corrections. This
removes the cosmological expansion from the problem but does not remove S = 2 fluctuations.
We therefore also work in a decoupling limit by sending Mpl →∞, H˙ → 0 with M2plH˙ kept fixed.
In this limit the S = 0 and S = 2 fluctuations decouple. There is therefore a consistent and
interesting limit of cosmological EFTs which are purely described by a single scalar EFT with
self-interactions in flat space and non-linearly realised Lorentz boosts. See section 2 for more
details. These EFTs are of interest to us in this work and our results are therefore important
for cosmological model building motivated by e.g. early universe inflation, field theoretic alter-
natives to the cosmological constant, the dark matter problem, etc. From now on we refer to our
single scalar fluctuation as a phonon and denote it by pi. We use φ for Poincare´ invariant theories.
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For Poincare´ invariant theories the on-shell classification is built upon the existence of an
Adler zero [24, 25] for theories enjoying a constant shift symmetry φ → φ + c. This symmetry
ensures that scattering amplitudes vanish in the limit where one external momenta is taken soft.
The classification centres around generalisations of this soft behaviour where amplitudes vanish
more quickly in the soft limit thanks to additional symmetry. However, when Lorentz boosts
are spontaneously broken there is no Adler zero even when there is a constant shift symmetry.
This is because broken boosts allow for non-trivial cubic vertices which yield poles in amplitudes
which ultimately dominate the soft limit (see section 5). No such cubic vertices exist when boosts
are linearly realised6 and their absence is crucial in deriving the Adler zero soft theorems. We
will show that cubic vertices are actually inevitable when boosts are spontaneously broken: they
are either required by symmetry or generated quantum mechanically. Due to the absence of
a standard Adler zero we therefore choose to go down the route of an algebraic classification
within the framework of the coset construction and inverse Higgs constraints which will both be
reviewed in section 2. There we will also review the classification of Poincare´ invariant theories.
Let us emphasise that the absence of an Adler zero does not imply that there are not other soft
theorems that constrain the form of the soft scattering amplitudes, and indeed it would be very
interesting to derive these soft theorems and use them to construct theories directly at the level
of S-matrix.
The paper is organized as follows: we start in Section 2 by reviewing background material on
the coset construction as well as inverse Higgs trees which lay the foundations of our classification.
There we also briefly review the EFT of inflation which is the prototypical cosmological formalism
inspiring our work. Our classification is presented in Section 3. The algebraic method we use
encompasses the broken phase of theories that also admit a consistent perturbation theory around
a Poincare´ invariant background as well as EFTs that do not. We rediscover known theories such
as superfluids, with additional scaling [22] or full conformal [26] symmetry, and galileids. We
also discover a new theory which we call the extended galileid which has all the symmetries
of the galileid plus an additional symmetry generated by a scalar generator (see Tables 2 and
3). This theory is reminiscent of the Poincare´ invariant special galileon, since the symmetry
starts with a field-independent term that is quadratic in the coordinates, but it is not simply
the special galileon expanded around a Lorentz breaking vacuum. Interestingly, we find that
the so-called exceptional EFTs of scalar DBI and the special galileon [27, 28] do not admit such
a broken phase where all of the original non-linearly realised symmetries remain so. We find
an interesting example of a broken phase of the special galileon where a symmetry that was
non-linearly realised in the Lorentz invariant phase becomes linearly realised on the phonon (see
Appendix A). For DBI however there is no broken phase and we outline the consequences for
cosmology in Section 4. In particular, looking at the three-point function for DBI in the EFT of
inflation we notice that the order of the total energy pole is different to that of a generic P (X)
theory. This is because in the flat space limit the DBI amplitudes are secretly Poincare´ invariant
due to increased symmetry in that limit. We conclude that the residue of the total energy pole in
6The only non-trivial cubic vertex is φ3 which is forbidden by the constant shift symmetry. Any other cubic
operators vanish on-shell and can be removed by field redefinitions.
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correlators is not always proportional to the flat space amplitude (see [29] for a discussion of why
this is often the case). Finally, in Section 5, we discuss the inevitability of cubic vertices, soft
theorems and weak coupling for theories with spontaneously broken boosts. We show that the
scaling and conformal superfluid contain a region of parameter space where the theory is weakly
coupled on sub-horizon scales. We conclude and discuss avenues for future work in Section 6.
Conventions
We work in 3 + 1 spacetime dimensions. Greek lower case letters refer to Minkowski covariant
objects with metric ηµν = diag(−1, 1, 1, 1). Lower case Latin letters refer to SO(3) covariant
objects with indices raised and lowered by the Kronecker delta δij = diag(1, 1, 1). We also use
boldface to distinguish x2 ≡ δijxixj from x2 ≡ ηµνxµxν . In the Poincare´ invariant phase we use
{Pµ,Mµν} as a basis for the Poincare´ algebra with non-trivial commutation relations:
[Pµ,Mρσ] = ηµσPρ − ηµρPσ , [Mµν ,Mρσ] = ηµρMνσ + anti-symmetric . (1.1)
While in the broken phase we use the basis {P¯0, P¯i, M¯ij = ijkJ¯k}. The non-trivial commutation
relations in this basis are: [
P¯i, J¯j
]
= ijkP¯
k ,
[
J¯i, J¯j
]
= ijkJ¯
k . (1.2)
We will sometimes denote non-linear boosts as Ki. For equal time in-in correlators we define
〈pik1pik2pik3〉 = 〈pik1pik2pik3〉′ (2pi)3δ3(k1 + k2 + k3) . (1.3)
2 Recap
Before moving onto our classification let us first review the coset construction, inverse Higgs
constraints and outline our methods for classifying EFTs. Here we will also put our cosmological
motivation on a firmer footing, and review the Poincare´ invariant classification. The reader
familiar with these topics may jump directly to Section 3.
2.1 The EFT of Inflation
Although in this paper we consider theories that live in flat spacetime, our classification is still
useful for studying inflationary theories in their high energy limit, where the mixing with gravity
is negligible and the background is effectively flat. In particular, a subset of theories we discover
can describe the flat space limit of single-clock cosmologies, where a single scalar field acquires
a time dependent vev (the ”clock”) and breaks the time diffeomorphism symmetry [20]. Time
translation symmetry can be restored via the Stueckelberg method by introducing a Goldstone
boson via
φ(t,x) = φ¯(t+ pi(t,x)) , (2.1)
where φ¯(t) is the time dependent vev driving inflation. In the decoupling limit, i.e. when
H
Mp
, H˙
H2
→ 0 with the amplitude of the scalar power spectrum (H4/f4pi) kept finite7, the Lagrangian
7Following [30] we have defined f4pi = 2csM
2
p |H˙|, the Goldstone decay constant normalising the scalar power
spectrum.
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for pi simplifies to
S =
∫
dtd3x
√−g¯
(
M2p H˙g¯
µν∂µpi∂νpi +
∑
n>1
Mn(t+ pi)
n!
(−2p˙i + g¯µν∂µpi∂νpi)n + ...
)
, (2.2)
where g¯µν is the quasi-dS metric, and ... stands for higher derivative terms. Up to this point,
Mn(t + pi) are arbitrary functions, but in order to get a nearly scale invariant spectrum, one
demands an approximate shift symmetry for pi that in combination with dS dilatation enforces
all the Mn’s to be constant [31, 32]. As a result, in the flat space limit g¯µν → ηµν , the theory for pi
linearly realises time translations. For future references, let us quote the perturbative Lagrangian
up to cubic order:
S =
∫
dt d3x a3(t)
f4pi
2c3s
[(
p˙i2 − c2s
(∂ipi)
2
a2
)
+ (c2s − 1)
(
1
a2
p˙i(∂ipi)
2 −
(
1− 2
3
c3
c2s
)
p˙i3
)]
. (2.3)
Notice that in the EFT of inflation the transformation of pi under boosts is fixed to be
δKipi = x
i + t∂ipi + xip˙i . (2.4)
However, in the classification we will provide in Section 3, we consider the spacetime dependence
of the background φ¯(t,x) to be as generic as possible. Therefore, the transformation of pi under
boosts is allowed to deviate from (2.4) in interesting ways.
Once we switch back on the Hubble expansion, the symmetries we find could well be broken
by any operator that is proportional to H, and as such, cosmological correlators will not remain
exactly invariant under these symmetries. However, apart from in a very special case which we
will discuss in Section 4, cosmological correlators encode information about flat space amplitudes
in the residue of their total energy pole [29, 33–37], hence knowing the flat space limit of a theory
provides valuable insights into the behaviour of boundary correlators as well8. For example, the
three point function generated by the cubic interactions in (2.3) is given by
〈pik1pik2pik3〉′ = f4pi
c2s − 1
c3s
Pk1Pk2Pk3
[
cs
H
1
e31
(
− 12e23 + 4e1e2e3 − 11e31e3 (2.5)
+ 4e21e
2
2 + 3e
4
1e2 − e61
)
+
c3s
H
(
1− 2c3
3c2s
)
12e23
e31
]
,
where we have defined the elementary symmetric polynomials in three variables:
e1 = k1 + k2 + k3 ,
e2 = k1k2 + k1k3 + k2k3 ,
e3 = k1k2k3 , (2.6)
and Pk is simply the powers pectrum of pi, i.e.
Pk =
(
H
fpi
)4 1
k3
. (2.7)
8Regarding the following discussions, we are indebted to Enrico Pajer for kindly sharing his unpublished manuscript
on the relation between scattering amplitudes and correlators’ total energy poles.
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On the total energy pole, namely e1 → 0 (which can be achieved upon analytical continuation),
the three point function simplifies to
lim
e1→0
1
k1k2k3
∏
Pki
〈pik1pik2pik3〉′ = f4pi
c2s − 1
c2s
12e3
H e31
[
−1 + c2s −
2
3
c3
]
. (2.8)
As promised, the right hand side is proportional to the three-particle amplitude of the flat space
limit of the theory in (2.3), i.e.
A(k1, k2, k3) = i6
√
2cs
c2s
f2pi
(c2s − 1)e3
[
1− c2s +
2
3
c3
]
. (2.9)
We use this result in Section 4 to explore the consequences of our findings for DBI inflation.
Our results will therefore have important applications for cosmological EFTs in their high
energy limit, and this is manifest in the total energy pole of the cosmological correlators (see [38]
for a recent study of exact linearly realised symmetries for cosmological correlators).
2.2 Coset Construction
The coset construction allows one to construct the non-linear realisation of a broken symmetry
group without knowledge of how the symmetry was spontaneously broken. It was first intro-
duced for internal symmetries in [15, 16] and extended to spacetime symmetries in [17]. It has
been reviewed in many cases in the literature, e.g. [39–41], so here we merely outline the most
important aspects.
The starting point is the coset parametrisation
Ω = ex
µPµeφ
AGA , (2.10)
where Pµ are the spacetime translations and GA are the generators that are spontaneously broken
with associated Goldstone fields φA. The generators and Goldstones must form (reducible) rep-
resentations of the unbroken subgroup which contains the generators Ti. For Poincare´ invariant
field theories the unbroken subgroup is Lorentz SO(1, 3) while for our interests in this paper the
subgroup is that of spatial rotations SO(3). Note that spacetime translations are included in
the coset element since they are non-linearly realised on the coordinates. The building blocks of
invariant Lagrangians come from the Maurer-Cartan 1-form which can be written as
Ω−1dΩ = ωµPµ + ωAGA + ωiTi . (2.11)
The ω are functions of the coordinates and the Goldstones and are referred to as Maurer-Cartan
components. After pulling back to spacetime and writing the components as e.g. ωµ = (ωµ)νdx
ν ,
we interpret the (ωµ)ν as vielbeins e
µ
ν ≡ (ωµ)ν , while the components (ωA)µ can be used to
construct covariant derivatives of the Goldstones ∇µφA = (e−1)νµ(ωA)ν . The remaining compo-
nents (ωi)µ are used to construct higher order derivatives of the Goldstones and to couple the
Goldstones to matter fields. These are the building blocks of invariant Lagrangians. In addition
to invariant Lagrangians one can also consider Lagrangians that shift by a total derivative. These
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Wess-Zumino terms are derived by constructing exact 5-forms β5 = dβ4 out of the Maurer-Cartan
1-forms followed by integrating β4 over spacetime. Note that here we have combined time and
space translations into a single object Pµ = (P0, Pi). When we review the Poincare´ invariant
cases below this is because our linearly realised subgroup contains the Lorentz generators and
therefore Pµ is a Lorentzian four-vector. However, later on our linearly realised subgroup will
simply be the group of spatial rotations SO(3) in which case it is for notational convenience only;
there is no sense in which this a is Lorentzian four-vector since there are no Lorentz boosts in
the linearly realised subgroup.
An important aspect of the coset construction is that we are required to introduce a Goldstone
mode for each non-linear generator. Naively, it would seem impossible for a single scalar EFT
to realise symmetries beyond the one generated by its corresponding scalar generator. However,
inverse Higgs constraints [18], which we will now review, open up this possibility.
2.3 Inverse Higgs Constraints and Inverse Higgs Trees
When internal symmetries are spontaneously broken, Goldstone’s theorem tell us that we have
a massless degree of freedom for each non-linear generator in the resulting non-linear realisation.
However, when spacetime symmetries are broken Goldstone’s theorem does not apply and indeed
there can be fewer Goldstone degrees of freedom than non-linear generators. In this case we
distinguish between essential and inessential Goldstones. The former are required to non-linearly
realise all the symmetries while the latter are not and can be eliminated in favour of the essential
ones via inverse Higgs constraints [18]. As described above, the coset construction requires us
to introduce these inessential modes, but inverse Higgs constraints allows us to eliminate them
without losing any symmetries.
An inverse Higgs constraint exists when a commutator of the form [P,G′] ⊃ G appears in the
algebra. In this case the would-be Goldstone mode associated with G′, say φ′, can be removed in
favour of the spacetime derivatives of the Goldstone modes associated with G, say φ, by setting
to zero the appropriate projection of the covariant derivative ∇φ. Here we are suppressing any
indices and P schematically denotes spacetime translations. Having a commutator of the form
[P,G′] ⊃ G ensures that φ′ appears linearly in ∇φ meaning that we can solve for all its compo-
nents9. This also guarantees that in the non-linear realisation φ′ is not massless since the most
general Lagrangian includes a (∇φ)2 term. This further emphasises that it cannot be an essential
part of the low energy EFT since it can be integrated out for energies below its mass which is
expected to be near the symmetry breaking scale.
We now move onto inverse Higgs trees which were first introduced in [13, 43]. When classifying
scalar EFTs in terms of non-linearly realised symmetries, inverse Higgs constraints are crucial
as they allow the EFT to have extra symmetry without extra degrees of freedom. Inverse Higgs
trees offer a systematic way of understanding which algebras can be realised by a given number
9The algebra needs to satisfy additional conditions if φ′ is to appear algebraically in ∇φ to all orders, as desired
[39, 42].
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of degrees of freedom. We now review this procedure for a single scalar Poincare´ invariant EFT
where the idea of an inverse Higgs tree is very simple.
Since we want to work with a single essential scalar Goldstone, the algebra must contain
a scalar generator Q in addition to ISO(1, 3). Now the only covariant derivative we can set
to zero to solve for an inessential Goldstone lives in the vector representation of the Lorentz
group since it is the scalar’s covariant derivative. We can therefore add an additional vector
generator to the algebra as long as it’s commutator with spacetime translations contains Q i.e.
[Pµ, Vν ] ⊃ ηµνQ. Denoting the vector mode as Aµ, the scalar’s covariant derivative takes the
form ∇µφ = ∂µφ+Aµ + . . . where the . . . depend on the full form of all commutators.
Lorentz Invariant Scalar tree
•
•
•
Figure 1: Inverse Higgs tree
for a single essential scalar in
a Lorentz invariant theory, from
[13].
Having added the vector, we have opened up more possi-
bilities as we now have additional covariant derivatives com-
ing from the vector which can also be set to zero to solve for
inessential modes. This covariant derivative contains three irre-
ducible representations of the Lorentz group: a scalar, a trace-
less tensor and a two-form. However, Jacobi identities cannot
be satisfied in the presence of the two-form [14] so only two
generators can be added. If we denote these generators by S
and STµν then the required commutators are [Pµ, S] ⊃ Vµ and
[Pµ, S
T
ρσ] ⊃ ηµρVσ + ηµσVρ− ηρσVµ/2. The pattern continues and
yields the inverse Higgs tree in Figure 1 where the dashed lines
denote connections between generators by spacetime translations
and each generator is an irreducible representation of the Lorentz
group. All allowed generators live in the Taylor expansion of φ(x),
and the level of a generator in the tree is given by how many acts
of Pµ it is away from Q. A generator at level-n is denoted G
n.
If a generator has multiple connections to the level below then all connections are required to
satisfy Jacobi identities e.g. if we include the vector at level-3 then it must be connected, by
translations, to both the scalar and the tensor at level-2. Note that all commutators between
non-linear generators and translations take the schematic form [P,Gn] = Gn−1 +linear. No other
non-linear generators can appear on the RHS, this can be guaranteed by basis changes [13].
Now lets assume10 that the symmetry transformation of the essential Goldstone φ generated
by Q is δQφ = 1. Given that the vector generator Vµ at level-1 in the tree is related to Q via
spacetime translations, it is clear that the symmetry transformation it generates must be of the
form δVµφ = x
µ+ . . ., where . . . contains field-dependence but no explicit xµ dependence. The ex-
tension to higher levels in the tree is trivial with all level-n symmetries containing n powers of xµ.
The Adler zero mentioned in the introduction appears thanks to the n = 0 symmetry which
ensures that scattering amplitudes vanish in the limit where one external momentum is taken
10The only other option is that Q generates dilatations in which case there is no Adler zero.
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soft i.e. in the soft limit we can Taylor expand amplitudes as
lim
p→0
A =
∑
q=1
aqp
q, (2.12)
where p is the soft momentum and the constant parameters aq, q ≥ 1 are unconstrained by the
shift symmetry. These parameters are related to the Wilson couplings in the EFT. Generalisa-
tions of the Adler zero can however constrain the soft amplitudes further [9–11]. A theory with
finite n symmetries has aq = 0 ∀ q ≤ n such that the soft amplitude begins at O(pσ) where
σ = n+ 1 is the referred to as the soft degree. We therefore see a direct connection between the
level at which the tree terminates, and the soft limit of the resulting scattering amplitudes. The
tree nicely encodes the data one provides for soft bootstrap procedures (see e.g. [19]). Indeed,
the generators at level-0 tell us what the essential Goldstones are in the EFT, the connections
between generators tell us about the linearly realised symmetries, and as we have just explained,
the level at which the tree terminates fixes the soft degree of scattering amplitudes.
The inverse Higgs tree ensures that Jacobi identities involving two copies of translations and
one other generator are satisfied. To complete the classification of possible algebras one therefore
needs to satisfy the remaining Jacobi identities. The idea is to write down the most general
commutators, consistent with the inverse Higgs tree, and solve the constraints imposed by Ja-
cobi identities. A full classification was performed in [13] assuming the existence of a standard
1/p2 propagator. This assumption constrains the tree further and restricts Figure 1 to the far
diagonal. The reason for this is simple: the scalar’s canonical kinetic term (∂φ)2 is the operator
with the fewest powers of φ and so needs to be invariant under the field-independent part of all
symmetry transformations. This is only the case if the symmetry parameters are traceless.
In the absence of field-dependence the symmetry transformations are referred to as extended
shift symmetries [44]11 while those with field-dependence are referred to as exceptional shift sym-
metries and are realised by exceptional EFTs. Algebraically the former are Abelian algebras
where all commutators between non-linear generators vanish whereas the latter are non-Abelian
algebras where at least one commutator between non-linear generators is non-zero. The excep-
tional EFTs are the natural scalar analogues of gauge and gravity theories12 given that some
simple properties of their S-matrix can fully fix their interactions. A classification of all single
scalar EFTs with such symmetries is complete and is summarised in the table 113.
A theory with extended shift symmetries exists for every σ, while there are only two excep-
tional EFTs with σ = 2, 3. In each case we have also indicated the schematic power counting for
four-point vertices with the fewest derivatives in the corresponding EFT, ignoring those that can
11Extended shift symmetries are relevant for the Goldstone boson equivalence theorem and control the onset of
strong coupling for massive spinning particles since they dictate the structure of the self-interactions of the
longitudinal mode [45, 46].
12See [47] for a recent discussion.
13We are assuming the existence of a shift symmetry and so the dilaton EFT is not included. The dilaton has
σ = −1.
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Full single scalar classification with linearly realised ISO(1, 3)
Soft degree σ Extended shifts Exceptional EFTs
1 X ∂4φ4 ×
2 X ∂6φ4 X ∂4φ4
3 X ∂10φ4 X ∂6φ4
4 X ∂12φ4 ×
5 X ∂16φ4 ×
...
...
...
10 X ∂30φ4 ×
...
...
...
Table 1: The full classification of scalar EFTs with generalised Adler zero soft behaviour with the power
counting of leading order four-point vertices. For even σ these vertices have 3σ derivatives and for odd σ
they have 3σ + 1 derivatives.
be removed by field redefinitions14. The two exceptional EFTs are the scalar DBI and special
galileon [28] (the more general galileon EFT [27] is the σ = 2 extended shift symmetry). See [50]
for a classification in dS/AdS space.
3 Trees in the Zoo
We set out to establish a similar classification for theories which spontaneously break Lorentz
boosts. Our goal is to write down algebras that can be non-linearly realised by a single SO(3)-
scalar, pi(t,x), which we take to linearly realise spacetime translations P¯i, P¯0 and SO(3) rotations
J¯i. In addition we are interested in non-linearly realised symmetries which includes at the very
least Lorentz boostsKi. The algebras we will derive are therefore all relativistic meaning that they
contain an ISO(1, 3) subgroup and all additional generators form representations of the Lorentz
group SO(1, 3). The realisation of these algebras on pi however is related to the relativistic algebra
by basis changes which are only required to be SO(3) covariant. It is these basis changes that
create the non-trivial inverse Higgs constraints which remove the inessential Goldstone modes
which now includes the Goldstones of the broken boosts. Crucially, the translation and rotation
generators do not have to be the same in the different bases. In the broken phase we use bars to
14As far as we know a full classification of interactions at each order in σ is incomplete. This is a non-trivial
task since for σ ≥ 2 the leading interactions for the extended shift symmetries are Wess-Zumino terms and are
therefore not directly derivable from the coset construction (see [40] for a derivation of Wess-Zumino terms for
σ = 2). The vertices presented in table 1 can however be read off from the tuned higher spin potentials in [46].
Indeed, a scalar with a σ soft degree is the longitudinal mode of a massive S = σ particle. In the high energy
limit, the Wess-Zumino interactions arise once all of the individual irreps of the massive spinning particle have
been diagonalised at quadratic order. This is familiar for massive S = 2, see [48] for a review, but extends to
higher spins too (see also [49]).
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represent the linear generators as
P¯0 , P¯i and J¯i (unbroken) . (3.1)
A familiar example comes from (zero-temperature) superfluids. The non-linearly realised algebra
is ISO(1, 3)×U(1) and a basis change P¯0 = P0 +µQ, where µ is order parameter of the symmetry
breaking, is required to generate the inverse Higgs constraints to remove the Goldstone bosons
of the broken boosts. Such a phenomena is more generally referred to as spontaneous symmetry
probing [51]. These linear generators act on pi as
δP¯ 0pi = −p˙i, δP¯ ipi = −∂ipi, δJ¯ipi = ijkxj∂kpi. (3.2)
Let us remark that this work can be seen in continuation of [52] where the authors classified
condensed matter systems according to their symmetry breaking pattern. The different symme-
try breaking patterns that can arise from basis changes of the Poincare´ algebra to the subset
of linear generators {P¯0, P¯i, J¯i}15 yields different physical systems in the IR. This leads to eight
classes of theories each with a unique way to realise the symmetries. Within this “zoology” of
condensed matter systems the inverse Higgs trees we consider in this work correspond to the
classes that can be realised with a shift-symmetry Q and a single Goldstone mode pi(t,x). The
shift symmetry is simply δQpi = 1.
Guided by the Poincare´ invariant classifications outlined in Section 2, we will classify different
symmetry generators by the level at which they appear in an inverse Higgs tree. A level-n
generator Gni1...is is defined to act on pi as
δGni1...is
pi = tn−sxi1 . . . xis + . . . , (3.3)
where ellipses stand for field-dependent terms16. Such a symmetry generator appears at level-n
in a tree since we are required to act with n copies of translations to reach the constant shift
symmetry generated by the level-0 generator Q. Note that this general form includes non-linear
boosts. A crucial difference between this Lorentz breaking set-up versus the fully Poincare´ invari-
ant case is that there are no Abelian algebras. Since boosts are non-linearly realised, there will
always be commutators between non-linear generators that are non-zero. In that sense all of the
algebras are non-Abelian and all of theories are exceptional. Clearly this is not a wise distinction
to make here so we will avoid referring to theories we derive as exceptional. Furthermore, there
are infinitely many such algebras, we will explain why below, and therefore it is impossible to
perform a full classification. For this reason we truncate our classification of trees to level-2 i.e.
we consider symmetries with at most two powers of the spacetime co-ordinates. This means
we capture the theories which are most important in the IR. There may be a better distinction
between algebras that can yield a full classification, and we leave such a direction for future work.
15It is equivalent to listing all the possible change of basis from {P0, Pi, Ji} to {P¯0, P¯i, J¯i} with or without additional
linear generators.
16By extension, the level of a tree refers to its highest non-empty level.
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The plan for this section is as follows: in Section 3.1 we describe the organic structure of the
inverse Higgs trees and list the various assumptions that we use to derive our classification. In
Section 3.2 and Section 3.3 we present the resulting theories associated with the trees truncated
at level-1 and level-2 respectively. They are comprised of various superfluids and galileids, in-
cluding a new theory we call the extended galileid. We discuss the broken phase of extended shift
symmetric theories in Section 3.4. Finally, along the way the reader will notice the surprising
absence of the broken phase of Poincare´ invariant exceptional EFTs, namely, scalar DBI and the
special galileon. It turns out that these theories do not admit backgrounds breaking Lorentz
boosts but preserving space and time translations. We shed light on these peculiarities in Section
3.5 before offering a more complete discussion for DBI in Section 4.
3.1 Set-Up
When Lorentz boosts are spontaneously broken, the resulting long-wavelength theory is no longer
built from Lorentz invariant (or covariant) terms: time and space derivatives are treated on an
unequal footing. The same is true then for symmetry generators so we parametrise the coset
element by
Ω = etP¯0ex
iP¯iepiQeφ
AGA , (3.4)
where all generators form representations of SO(3). For instance an SO(3) scalar17 commutes
with J¯i while an SO(3) vector Vi has the usual commutation relation[
Vi, J¯j
]
= ijkV
k . (3.5)
Since space and time translations are treated separately, the necessary conditions for the existence
of inverse Higgs constraints is now different. For a given additional generator Gn, the necessary
condition for its Goldstone to be inessential is that
[
P¯0, G
n
] ⊃ Gn−1 or [P¯i, Gn] ⊃ Gn−1. In
many cases both are required. This means that the inverse Higgs trees will be made of two types
of branches with connections to lower level generators by P¯0 or P¯i. We use the following notation
for these branches: [
P¯i, G
n
] ⊃ Gn−1[
P¯0, G
n
] ⊃ Gn−1
We take the solid lines as going from north-west to south-east, and the dashed lines as going
from north-east to south-west in our figures. As an example see Figure 2b. By a slight abuse of
language we will keep referring to the symmetries generated by the Gn’s as space-time symmetries.
Finally, let us be clear about the assumptions we make to guide us through the woods of
inverse Higgs trees:
1. SO(1,3) representations: We want the EFT to describe the Lorentz breaking phase of a
fundamentally Lorentz invariant theory so the non-linearly realised algebra must be rela-
tivistic up to basis changes (which are only manifestly SO(3) symmetric). By relativistic
17Note that this scalar does not need to be a fundamental scalar under ISO(1, 3). It could be the zero-component
of a vector field, for example.
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we mean that all generators form representations of SO(1, 3) and the algebra contains the
ISO(1, 3) algebra as a sub-algebra. These basis changes are necessary to create the required
inverse Higgs constraints.
Crucially, we will be assuming that only the generators in the inverse Higgs trees are used
to form the SO(1, 3) irreps. There are other cases, however, where SO(3) generators cor-
respond to linearly realised symmetries yet combine with generators in a tree to form an
SO(1, 3) irrep. We believe these are rare but provide an example in Appendix A. We be-
lieve this provides a neat arena for studying exceptions to the Coleman-Mandula theorem
[8] when boosts are not a symmetry of the vacuum.
2. Canonical Propagator : We assume a standard kinetic term for the phonon18, p˙i2−c2s∂ipi∂ipi,
which must be invariant under the field independent part of all symmetries. This is because
it is the operator with the fewest powers of pi. Note that, unless otherwise explicitly stated,
we will set cs = 1 throughout most of this section. For theories on Minkowski space this
simply amounts to a rescaling of the spatial coordinate xi → xi/cs.
For each tree our working strategy is as follows. First, write the most general commutators
between generators respecting the symmetries and the inverse Higgs constraints (i.e. the tree
structure). Second, use Jacobi identities to place further constraints on the algebra and its
coefficients. At this step it is possible (and in fact does happen) that one tree yields several
distinct algebras in which case we say it has multiple stems. Finally we resort to assumption 1
above and check whether or not the algebra can be made relativistic after a basis change. In
particular it should contain an SO(3) vector with the commutation relations of boosts i.e.
[Ki,Kj ] = −ijkJk. (3.6)
This is in fact a very constraining condition. Indeed, the majority of algebras do not satisfy this
property.
3.2 Level-1: Superfluids and Scaling Superfluids
We begin by truncating the trees at level-1. Here we can only add two different generators since
the inverse Higgs constraints at our disposal are
∇tpi = 0 , and ∇ipi = 0 . (3.7)
Since these covariant derivatives live in the scalar and vector representation of SO(3) we can
add a scalar generator which we denote as D and a vector generator which we denote as Vi.
In principle this would lead to three different trees but since the algebra must ultimately be
relativisitic after a basis change, at least one vector must appear in the tree. There are therefore
two possibilities represented in Figure 2. Now since the algebras are so simple in these cases it
18We leave the case of theories with different dispersion relations (e.g. the ghost condensate [53]) to future work.
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QVi
(a) Superfluid
Q
ViD
(b) Scaling Superfluid
Figure 2: Level-1 Inverse Higgs Trees
actually makes sense to work with the relativistic algebra directly and look for basis changes that
bring the algebras into the form dictated by the trees. Consider the first case where we add a
scalar generator Q to the Poincare´ algebra. Of course Q commutes with the Lorentz generators
so we only need to specify it’s commutator with translations which takes the general form
[Pµ, Q] = aPµ. (3.8)
All Jacobi identities are satisfied and this is a consistent algebra. To generate the required
tree structure such that the Goldstones of boosts are inessential we must define the new time
translation generator
P¯0 = P0 + µQ. (3.9)
We then have [P¯i, Vi] ⊃ −µδijQ where Vi = Ki. However, P¯0 must still generate time translations
meaning that it must commute with P¯i = Pi. This is only possible if a = 0. We then have the
algebra of a zero-temperature superfluid which in the relativistic phase is simply ISO(1, 3)×U(1)
and with µ the chemical potential [54]. The coset construction for such a symmetry breaking
pattern has been performed in [55]. If we parametrise the coset element as
Ω = etP¯0ex
iP¯iepiQeη
iVi , (3.10)
then after the field redefinition
βi ≡ −tanh
√
η2√
η2
ηi, (3.11)
the inverse Higgs constraint allowing us to eliminate the boost Goldstones in favour of the phonon
is
βi = − ∂ipi
µ+ p˙i
. (3.12)
The resulting theory for pi is neatly written in terms of φ = µt + pi and to leading order in
derivatives takes the P (X) form where X = (∂φ)2 [54–56]. Indeed, the phonon corresponds in
this case to fluctuations around a state of uniform charge density: pi = φ− 〈φ〉 = φ− µt. Under
non-linear boosts the phonon transforms as
δVipi = µx
i + xip˙i + t∂ipi , (3.13)
as it does in the EFT of inflation.
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The second tree (Figure 2b) is also easy to understand. We again simply start with a relativistic
algebra, where we add two scalar generators to ISO(1, 3), and create the tree through a basis
change. Imposing Jacobi identities, the non-trivial commutators are
[Pµ, D] = bPµ , [Q,D] = −∆Q , (3.14)
with ∆ an arbitrary real parameter and b 6= 0 to ensure that the Goldstone associated with D
is inessential. Without loss of generality we set b = 1. As suggested by the notation, D can be
seen as the generator of dilatations with ∆ the scaling weight of Q. Now to generate the tree we
are required to perform the same basis change as above (3.9) and then the symmetry algebra in
the broken phase has the following non-trivial commutation relations[
P¯0, D
]
= P¯0 − µ(∆ + 1)Q
[
P¯i, D
]
= P¯i[
P¯0, Vi
]
= P¯i
[
P¯i, Vj
]
= δij(P¯0 − µQ) (3.15)
[Q,D] = −∆Q [Vi, Vj ] = −ijkJ¯k.
One can see that for the special value ∆ = −1 one of the inverse Higgs constraints is lost. This
can be understood from the symmetry transformation of pi which takes the form
δDpi = −µ(∆ + 1)t−∆pi − tp˙i − xi∂ipi . (3.16)
Indeed, when ∆ = −1 the symmetry is no longer spontaneously broken, it is linearly realised19.
The non-linear realisation of this algebra is the scaling superluid. It was introduced along with
its derivation via the coset construction in [22]. It is a special subset of the general superfluid as
can be seen from the fact its algebra contains the superfluid one as a sub-algebra. It follows that
under non-linear boosts pi transforms as (3.13). The invariant action can therefore be written in
terms of φ = µt + pi and it takes the leading order form P (X) = Xα where α = 21+∆ . In terms
of pi the perturbative phonon action is [22]
S[pi] =
∫
d3x dt
[1
2
(p˙i2 − ∂ipi∂ipi)+α1
µ2
p˙i3 − α2
µ2
p˙i∂ipi∂ipi
+
β1
µ4
p˙i4 − β2
µ4
p˙i2∂ipi∂ipi +
β3
µ4
(∂ipi∂ipi)
2 + . . .
]
, (3.17)
where . . . stands for quintic and higher order terms. The Wilson couplings αi, βi are fully fixed
in terms of one single parameter, the scaling weight ∆, through the combination
c2s =
1 + ∆
3−∆ , (3.18)
19Actually in this case the theory is non-local. This can be seen from the the underlying relativistic theory, at leading
order in derivatives, X is scale invariant and so there’s no way to compensate for d4x measure and construct
a scaling invariant action. Then at higher order in derivatives, one would have terms such as (∂µ∂νφ∂
µ∂νφ)−2
which make up a scaling invariant action. However these and all such higher derivatives terms are non-local and
generate non-local interactions for pi as well.
16
which, as the notation suggests, can be identified the speed of sound cs had we not rescaled the
spatial coordinates. These couplings are given by
α1 =
1
6
1− c2s√
c3s(1 + c
2
s)
, α2 =
1
2
1− c2s√
c3s(1 + c
2
s)
, (3.19)
β1 =
1
24
(
1− c2s
1 + c2s
)
1− 2c2s
c3s
, β2 =
1
4
(
1− c2s
1 + c2s
)
1− 2c2s
c3s
, β3 =
1
8c3s
(
1− c2s
1 + c2s
)
. (3.20)
Absence of pathologies such as gradient instabilities, superluminality or ghosts for this theory
requires α ≥ 1⇔ −1 < ∆ < 1 [22] which also implies the theory satisfies positivity bounds from
dispersion relations [57, 58]. Also note that, in line with the conjecture of [57], all interactions
vanish in the limit cs = 1. We will discuss amplitudes and weak coupling in more detail in section
5. In particular, we show that a necessary condition for the theory to remain weakly coupled on
sub-horizon scales is α < 181. Since all the low energy couplings are fixed in terms of cs, this
theory is on a similar footing as the exceptional EFTs of the scalar DBI and special galileon. It
would be very interesting to construct the S-matrix for this theory directly from the non-linear
symmetries.
Note that for ∆ 6= 1 the theory does not admit a consistent perturbation theory around the
Poincare´ invariant vacuum. Indeed there is no kinetic term for the fluctations. So even when the
Lagrangian is written in terms of φ i.e. L = Xα this should always be read as a theory for the
fluctuation pi only. Finally note that both the superfluid and scaling superfluid fall into case 2 of
[52] since we have
P¯0 = P0 + µQ, P¯i = Pi, J¯i = Ji. (3.21)
3.3 Level-2: Galileids, Conformal Superfluid and Extended Galileids
At level-2 the transformation rules for the additional symmetries start at quadratic order in the
co-ordinates. The possibilities are t2, t xi, xixj and so at this level the tree can in principle con-
tain a scalar, a vector and a traceful tensor. It is simple to see that requiring p˙i2 − ∂ipi∂ipi to be
invariant under these symmetry transformations requires the generator of the t2 transformation
to be proportional to the trace of the tensor that generates the xi xj transformation. We therefore
have three SO(3) irreps that we can add at level-2 in the tree: a scalar Z, a vector Wi and a
traceless tensor STij . This leads to, in principle, seven possible trees each with different generator
contents.
However, not all of these can be related to a relativistic algebra by a basis change. Indeed,
the number of generators must be sufficient to form ISO(1, 3) representations out of the SO(3)
ones. In particular, the presence of a traceless SO(3) tensor requires a SO(3) vector and a
SO(3) scalar to form a traceless Lorentz tensor STµν . It follows that level-2 trees containing
STij must also contain Wi. The level-1 vector Vi is always required to be present to satisfy the
inverse Higgs relations to remove the would-be Goldstone associated with STij . This reduces the
number of possible trees from seven to five and they are represented in Figure 3. Following the
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strategy outlined at the end of Section 3.1, we find that three of these trees (3a, 3d and 3e)
cannot be related to relativistic algebras after they have been constrained by Jacobi identities.
In particular they do not contain a linear combination of the vectors that can be associated with
boosts. Among the other two trees (3b and 3c) we find three distinct possibilities yielding three
classes of phonon EFTs. Two of these have been discussed in the literature before. These are the
galileid and the conformal superfluid. The third, however, which we call the extended galileid is
a new theory which has not been discussed in the literature before.
Q
ViD
Z = δijS
ijZ
(a) Non-Relativistic Tree 1
Q
ViD
Wi
(b) Galileid Tree
Q
ViD
Wi
Z = δijS
ijZ
(c) Two Stem Tree: confor-
mal superfluid and extended
galileids
Q
ViD
Wi
STij
(d) Non-Relativistic Tree 2
Q
ViD
Wi
STij , Z = δijS
ijZ
(e) Non-Relativistic Tree 3
Figure 3: Level-2 Inverse Higgs Trees
Galileid
First consider tree 3b. After writing down the most general commutation relations consistent
with the tree structure and solving all the constraints imposed by Jacobi identities we find the
following non-trivial commutation relations[
P¯0, D
]
= −Q [P¯i, Vj] = δijQ[
P¯0,Wi
]
= αVi + P¯i
[
P¯i,Wj
]
= δij(P¯0 − αD)
[D,Wi] = Vi [Vi,Wj ] = δijD (3.22)
[Wi,Wj ] = −ijkJ¯k.
After the basis change
P¯0 = P0 + αD , P¯i = Pi , J¯i = Ji , (3.23)
and with the identifications Pµ = (P0, Pi), Vµ := (D,Vi) and Wi = Ki, we can bring this algebra
into a relativistic form with a ISO(1, 3) sub-algebra and
[Pµ, Vν ] = ηµνQ . (3.24)
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All other commutators, apart from those with Mµν that define the Lorentz representation of each
generator, are zero. We recognise this as the galileon algebra Gal(3+1, 1)[59] which with linearly
realised boosts is realised by the well-known galileon EFT [27]. The leading Lagrangian in four
spacetime dimensions is L = ∑5n=1 gnLn where
L1 = φ,
L2 = (∂φ)2,
L3 = (∂φ)2φ,
L4 = (∂φ)2((φ)2 − ∂µ∂νφ∂µ∂νφ),
L5 = (∂φ)2((φ)3 − 3φ∂µ∂νφ∂µ∂νφ+ 2∂µ∂νφ∂ν∂ρφ∂ρ∂µφ). (3.25)
If we take φ to have canonical mass dimension and the gi to be dimensionless, we need to add a
mass scale Λ to L1,L3−5. Throughout we will work in units where Λ = 1. To realise a Poincare´
invariant vacuum φ = 0 we would fix g1 = 0. The symmetry generated by Vµ is δVµφ = x
µ. The
special galileon, which enjoys an additional symmetry around the Poincare´ invariant vacuum,
has g1 = g3 = g5 = 0 [28]. Note that these operators are invariant under δVµφ = x
µ up to a
total derivative. Indeed, these are all Wess-Zumino terms [40] and strictly invariant operators
require at least two derivatives per field. Interestingly, these Wess-Zumino operators are not
renormalised in perturbation theory [60, 61]. This follows from the structure of each term which,
ignoring the tadpole, is schematically (∂φ)2(∂∂φ)n where n ≥ 0 and (∂∂φ)n are total derivatives.
In D spacetime dimensions only the first D of these operators are non-zero and therefore we have
a total of D + 1 Wess-Zumino terms once we include the tadpole. When n ≥ D the operators
vanish identically. See [48, 62] for more details.
When boosts are spontaneously broken the algebra (3.22) is non-linearly realised by the galileid
which is the galileon EFT expanded around a Lorentz breaking vacuum. Indeed, notice that from
(3.24) (plus ISO(1, 3)) there are several ways to arrive at the galileid algebra (3.22). The most
general change of basis is
P¯0 = P0 + αD , P¯i = Pi + βVi , J¯i = Ji , (3.26)
which amounts to replacing α → α − β in (3.22) with α 6= β for the inverse Higgs constraints
to be satisfied. From the point of view of the relativistic galileon theory the symmetry breaking
patterns associated with the change of basis (3.26) are generated by the background
〈φ(x)〉 = 1
2
(
βx2 − αt2) , (3.27)
and indeed, as confirmed by the inverse Higgs tree, when α = β, 〈φ(x)〉 ∝ xµxµ is Lorentz
invariant and boosts are not broken. Once plugged into the galileon’s equation of motion we find
a polynomial equation for α, β which can be solved for α = α(β). Note that this background
does not break translations thanks to the galileon symmetry δVµφ = x
µ = δVµpi. The non-linear
boosts are generated by Wi which appears at level-2 in the tree meaning that its symmetry
transformation on pi differs from (2.4). Indeed we have
δWipi = (β − α)txi + t∂ipi + xip˙i. (3.28)
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When α = 0 the theory is referred to as a type-I galileid and is in case 3 of [52] while for α, β 6= 0
it is referred to as type-II galileid in case 5. However, as we have seen here the two algebra’s
are trivially the same once we redefine the parameters and therefore the phonon symmetries
in the two cases are the same. Indeed, only the combination α − β appears in the symmetry
transformations. So actually there is no difference between type-I and type-II at the level of the
phonon EFT. We refer the reader to [52] for further galileid details.
Conformal Superfluid
Now consider the tree represented on Figure 3c which contains five non-linear generators: Q,D, Vi, Z
and Wi. After writing down the most general commutators consistent with the tree and solv-
ing the constraints imposed by Jacobi identities we find two different stems depending on the
coefficient of [
P¯i, D
]
= a1P¯i . (3.29)
Consider first the case a1 6= 0 where we set a1 = 1 WLOG. We find that the unique algebra
which is a basis change away from a relativistic one is[
P¯0, D
]
=P¯0 − µQ
[
P¯i, D
]
= P¯i[
P¯0, Vi
]
=P¯i
[
P¯i, Vj
]
= δij(P¯0 − µQ)[
P¯0, Z
]
=− 2D [P¯i, Z] = −2Vi[
P¯0,Wi
]
=2Vi
[
P¯i,Wj
]
= 2(δijD + ijkJ¯
k) (3.30)
[D,Z] =Z [D,Wi] = Wi
[Z, Vi] =Wi [Wi, Vj ] = δijZ
[Vi, Vj ] =− ijkJ¯k.
Again here we have only included the non-zero and non-trivial commutators. Note that Q com-
mutes with all generators. This algebra can be brought into a relativistic form by the superfluid
basis change (3.21) and by identifying Vi with Ki and defining Wµ := (Z,Wi). The algebra be-
comes SO(2, 4)× U(1) i.e. it is the four-dimensional conformal algebra augmented with a single
U(1) generator. Here Wµ is the generator of special conformal transformations. In the broken
phase this algebra is non-linearly realised by the conformal superfluid which is a sub-set of the
more general scaling superfluid (3.17) with scaling weight ∆ = 0. Notice a key difference here
compared to the galileid: when the algebra is brought into a relativistic form there are not enough
inverse Higgs constraints to arrive at a theory of a Poincare´ invariant single scalar. Indeed, when
written in terms of a P (X) theory we have P = X2 which is not a perturbative EFT around the
φ = 0 vacuum.
The conformal superfluid first appeared in the literature in the context of large U(1) charge
operators in CFTs [26, 63, 64] and in the context of Holography in [65]. The exact Maurer-
Cartan form for this symmetry breaking pattern can be found in [22], and once the inverse Higgs
constraints are solved to remove the inessential Goldstones the leading order action is given by
(3.17) with c2s = 1/3. We will discuss the weak coupling regime of the conformal superfluid in
section 5 where we show that it can be weakly coupled in the sub-horizon regime of the EFT of
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inflation.
One may wonder how a theory without the dilaton can non-linearly realise the conformal
algebra. However, as was explained in [22] one can derive the conformal superfluid by taking the
dilaton theory and adding a shift symmetric scalar as a matter field. The couplings between this
matter field and the dilaton are fixed by conformal symmetry but when the matter Lagrangian
is simply X2 the dilaton drops out leaving us with a conformal theory of a shift symmetric scalar
that admits a Lorentz breaking phase. More generally, in D spacetime dimensions the leading
order conformal superfluid theory is P (X) = XD/2.
Extended Galileids
We now take a1 = 0 in (3.29). After imposing the constraints from Jacobi identities and asking the
algebra to be a basis change away from a relativistic one we find that the non-trivial commutators
in the broken phase are[
P¯0, D
]
=−Q [P¯i, Vj] = δijQ[
P¯0,Wi
]
=P¯i + Vi
[
P¯i,Wj
]
= δij(P¯0 −D)[
P¯0, Z
]
=(a− b− 1)D + bP¯0
[
P¯i, Z
]
= −Vi
[D,Wi] =Vi [Vi,Wj ] = δijD (3.31)
[D,Z] =(a− b)D + bP¯0 [Vi, Z] = aVi + bP¯i
[Q,Z] =aQ [Wi,Wj ] = −ijkJ¯k,
and after performing the following change of basis
P¯0 = P0 +D , P¯i = Pi , J¯i = Ji , (3.32)
and identifying Pµ = (P0, Pi) and Vµ = (D,Vi), we find the relativistic algebra
[Pµ, Vν ] =ηµνQ , [Pµ, Z] = −Vµ ,
[Vµ, Z] =aVµ + bPµ , [Q,Z] = aQ . (3.33)
We see that the galileon algebra is a sub-algebra and therefore the theory that non-linearly realises
this algebra is expected to be a galileon theory with couplings fixed by the additional symmetry
generated by Z. The phonon theory, which we call the extended galileid, is then obtained by
expanding around the galileid background (3.27). Note that we have performed a basis change
to remove a possible Pµ term from the RHS of [Pµ, Z]. This basis change amounts to the galileon
duality [66, 67] so by writing the algebra in this form we have already accounted for this duality
redundancy.
The transformation of φ under Vµ is the galileon transformation δVµφ = x
µ and as can be read
off from the algebra (3.33), the transformation generated by Z is20
δZφ = −1
2
xµx
µ + aφ− 1
2
b(∂φ)2 . (3.34)
20We remind the reader that we are working in units where the dimensionful scale Λ = 1. Also note that if we
kept a Pµ piece on the RHS of [Pµ, Z] we would have a x
µ∂µφ piece in the transformation rule. This is removed
by the galileon duality.
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This symmetry is reminiscent of the special galileon symmetry but is indeed different since that
symmetry is generated by a traceless tensor Sµν and acts as δSµνφ = x
µxµ + ∂µφ∂νφ [28]. We
will discuss the special galileon theory further below. Our new galileid algebra was also discussed
in [14] but not in the context of Lorentz breaking vacua and the phonon EFT as we will do here.
Indeed, in that work the authors were interested in Poincare´ invariant scalar EFTs. Now when
we expand the theory around (3.27), this new symmetry is realised on the phonon as
δZpi =
1
2
(1− aα+ bα2)t2 − 1
2
(1− aβ + bβ2)x2 + api − bαtp˙i − bβxi∂ipi − b
2
(∂pi)2. (3.35)
We now ask that (3.34) is a symmetry of (3.25). Clearly it has the right structure. Indeed,
in the galileon Lagrangian each term differs from the next by one power of the field and two
derivatives. If we count explicit co-ordinate dependence as one negative power of the derivatives
then we see that (3.34) has precisely the required structure to relate different galileon operators
since each term also differs from the next by one power of the field and two derivatives. Now the
field-independent part of the symmetry transformation must be a symmetry of the operator with
the fewest powers of φ since there is no other way it can be cancelled, and similarly the part of
the transformation with the largest number of fields must be a symmetry of the operator with the
largest number of fields. We find that only L1 possess a δφ = xµxµ symmetry and only L5 has a
δφ = (∂φ)2 symmetry. We therefore require g1 6= 0 and g5 6= 0 (if b 6= 0). The reason that L5 is
invariant under the last term in the symmetry transformation is that its variation generates the
would-be sixth galileon term i.e. an operator of the schematic form (∂φ)2(∂∂φ)4 where (∂∂φ)4
is a total derivative. However, as we mentioned above, in four spacetime dimensions such an
operator vanishes identically and so L5 is invariant. For more details see [28].
Extended Galileons
Name Galileon Lagrangian (3.25) Extra Symmetry δZφ
Pure Tadpole L1 −12xµxµ
Type-I± L1 ± L3 − 3L5 −12xµxµ ± 6(∂φ)2
Type-II± L1 ± 12L2 + 2L3 ∓ 203 L4 + 323 L5 −12xµxµ ∓ 4φ+ 16(∂φ)2
Type-III± L1 ± 12L2 − 14L3 ± 112L4 − 148L5 −12xµxµ ∓ 4φ+ 52(∂φ)2
Table 2: Galileon Lagrangians L = ∑n gn Ln with the extra scalar symmetry δZφ = − 12xµxµ + aφ −
b(∂φ)2/2, in units where Λ = 1.
With these constraints we then look for symmetries of the full Lagrangian. We find that
there are seven possibilities with (a, b, gi) fixed in each case
21. These are summarised in table
2. WLOG we have rescaled φ to set g1 = 1. Similarly, we have rescaled the co-ordinates to fix
21Our results are only valid in 3+1 dimensions but there are indeed other invariant Lagrangians in other dimensions.
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the magnitude of g2 in the type-II and type-III cases and have fixed the magnitude of g3 in the
type-I case since here g2 = 0. These rescalings do not affect the transformation rule since we can
redefine (Z, a, b) too. We remind the reader that these symmetries were not seen in [13] and this
is precisely due to the presence of the tadpole i.e. the absence of a Poincare´ invariant vacuum22.
For type I± − III± we now constrain α and β such that (3.27) is a solution of the theory
followed by expanding around this solution to find the quadratic theory for the phonon pi. Note
that there is no linear term in pi since its coefficient is the φ equation of motion. Our results are
summarised in table 3 where we present the background solution, condition for absence of ghosts
and the speed of sound.
Extended Galileids
Theory Background Solutions (α 6= β) Speed of Sound c2s Absence of Ghosts
Type-I±
αβ = ± 112 ± 136β2 ±β(1∓ 12β2) > 0
β2 = ± 112 ∞ Non-Dynamical
Type-II±
β = ±14 ∞ Non-Dynamical
β 6= ∓ 132 and α = 1±5β(32β±1) 9(1±32β)2 β > ± 132
Type-III±
β = ±1 ∞ Non-Dynamical
α = ±1 0 β < ±1
Table 3: Dynamics of extended galileid phonons around the background solution 〈φ(x)〉 = 12
(
β|x|2 − αt2)
with α 6= β. We show the speed of progagation of the phonons c2s around each background together with
the condition for the absence of ghosts instabilities.
We find that all six possible Lagrangians admits two background solutions, and out of these
twelve possibilities only three admit fluctuations with a non-zero and non-negative c2s. In those
three cases the phonon is therefore dynamical and doesn’t have gradient stabilities. Requiring
furthermore the absence of ghosts (i.e. a positive coefficient for p˙i2) constrains the allowed value
of the background parameter β in each case. This extra condition puts bounds on the allowed
values of c2s. For example, for Type-I+ we see that if β < 0 we have c
2
s < 1/3 while if β > 0 we
22One may want to expand around the galileid vacuum with α = β which is secretly Poincare´ invariant thanks to
the galileon symmetry. This eliminates the tadpole but the δZpi transform does not have a pi-independent part
in this case and therefore we do not have all the necessary inverse Higgs constraints and this symmetry does not
lead to a generalised Adler zero, consistent with amplitude results [9].
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have c2s > 1/3. So in these theories the speed of sound cannot get too large (or small) without
propagating ghosts. It would be very interesting to study these theories in more detail especially
within the context of galileon inflation [68, 69] and weakly broken galileon symmetry [70], and to
construct the S-matrices directly from the symmetries. We plan to do this in future work.
3.4 Broken Phase of Extended Shift Symmetric Theories
In the Poincare´ invariant cases there are an infinite number of Abelian algebras corresponding to
extended shift symmetries. These symmetries are only functions of the coordinates rather than
the fields themselves. At the level of the algebra the commutators between non-linear generators
are zero. Although we don’t have general Lagrangians to work with it is simple to see at the
level of the algebras that such theories admit a consistent broken phase with boosts non-linearly
realised and some form of spacetime translations linearly realised. The only non-trivial commu-
tators are schematically [Pµ, G
m] ⊃ Gm−1 for all m ≤ n where n is the level at which the tree is
tunkated. The galileon we have just discussed is the n = 1 case. Each Gm is a traceless tensor as
explained above with m indices and so the Poincare´ invariant trees are given by Figure 1 reduced
to the far diagonal. Now we would like to define new translations P¯0, P¯i such that the boost
Goldstones are inessential.
All covariant derivatives other than those corresponding to the top level generator need to
be set to zero to solve for inessential Goldstones and so these cannot be used to remove the
Goldstones of boosts. The only option is therefore to use the top inessential Goldstone. In all
cases the top level generator Gn contains a SO(3) scalar and a SO(3) vector which we call Gn0
and Gni respectively. Now if we define
P¯0 = P0 + αG
n
0 , P¯i = Pi + βG
n
i , (3.36)
then P¯0 and P¯i still satisfy the commutator relations of spacetime translations and we have
[P¯0,Ki] ⊃ Gni , [P¯i,Kj ] ⊃ δijGn0 , (3.37)
such that the boost Goldstones are inessential. There are infinitely many of these algebras and
each have non-vanishing commutators between non-linear generators since in the relativistic basis
the non-linear generators are Lorentzian irreps. This is the primary reason why an exhaustive
classification was not possible in this paper, in contrast to the Poincare´ case [13]. However,
it would be interesting to consider other distinctions between algebras that could allow for an
exhaustive classification. Note that in each case the generators Ki appear at the top of the trees.
It would be interesting to investigate concrete examples of this further by looking for explicit
symmetry breaking vacua within one of these theories. However, each case with n ≥ 2 is likely
to contain ghosts unless new degrees of freedom are included. One possibility might be to IR
complete this theories into massive spinning multiplets. See e.g. [46] for details.
3.5 Obstacles for Exceptional EFTs
Looking back at the theories we have found up to Level-2, one may be surprised that we did
not find the exceptional EFTs that are scalar DBI and the special galileon. Indeed, taking DBI
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for instance, which is a superfluid with P (X) = −√1 +X and non-linearly realised ISO(1, 4)
symmetry, one would expect to find a theory for the phonon pi on the homogeneous background
〈φ〉 = µt which (seemingly) breaks boosts. Thus we should find amongst the Level-2 trees above
(DBI phonons have two non-linear vector generators) a theory with relativistic symmetry algebra
ISO(1, 4). In the same vein, one would naively expect to find a special galileid theory correspond-
ing to the special galileon expanded around a background 〈φ(x)〉 = 12
(
β|x|2 − αt2). However,
in both cases the background solutions do not break boosts while maintaining all non-linearly
realised symmetries. The additional non-linearly realised symmetries of these theories protect
boosts: the backgrounds are secretly Poincare´ invariant23.
This is actually more general than we have just alluded to. It turns out that any background
solution to the equations of motion of the leading invariant operators, which preserves some
(diagonal) form of space and time translations, of these two exceptional EFTs has Lorentz boosts
linearly realised (other than a special case of the special galileon which we discuss in more detail
in appendix A). There are two ways to see this:
i) Look for a vacuum solution which breaks boosts but impose that space and time translations
are preserved thanks to the symmetries of the theory.
ii) Take the symmetry algebra and look for basis changes that generate the new inverse Higgs
constraints such that we can solve for the inessential boosts Goldstones.
Below we follow the first method and show that a broken phase does not exist for these exceptional
EFTs. In section 4 we provide a much more thorough analysis for scalar DBI and outline the
consequences for cosmology.
DBI
Let us start with scalar DBI. This is a well known P (X) theory with the additional symmetry
δVµφ = x
µ + φ∂µφ. (3.38)
Along with the Poincare´ symmetries and the shift symmetry δQφ = 1 the full algebra is ISO(1, 4).
The leading order action is
LDBI = −
√
1 +X, (3.39)
and higher order corrections can be found in [71]. Again we have set the dimensionful scale
Λ = 1. Now we would like to find a vacuum solution to this theory that breaks Lorentz boosts
but preserves some form of spacetime translations thanks to the non-linearly realised symmetries.
One might first want to expand the theory around the superfluid vacuum 〈φ〉 = µt. However
this solution does not break boosts. Indeed, under a Lorentz transformation φ transforms as
δMµνφ = x
[µ∂ν]φ and therefore under a boost we have δKi 〈φ〉 = µxi. However, thanks to (3.38)
we also have δVi 〈φ〉 = xi and therefore a linear combination of these two transformations leaves
the vacuum invariant. We provide more details in section 4 where we show that the scattering
23We thank Riccardo Penco for helpful discussions about this point.
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amplitudes are Lorentz invariant.
Let’s now look at a more general SO(3) invariant solution 〈φ〉 = f(t,x2). Above we showed
that using the shift symmetry to preserve time translations does not yield a Lorentz breaking
vacuum so lets now try to use the symmetries in (3.38) to preserve some form of translations. In
general we have the following transformations of 〈φ〉:
δP¯0 〈φ〉 = −f˙ , δP¯i 〈φ〉 = −2f ′xi, δQ 〈φ〉 = 1, δV0 〈φ〉 = t− ff˙ δVi 〈φ〉 = xi(1 + 2ff ′),
(3.40)
and therefore if a combination of the above is to leave the vacuum invariant under a time trans-
lation we require
f˙ + a(t− ff˙) + b = 0, (3.41)
and
2f ′ + c(1 + 2ff ′) = 0, (3.42)
if the vacuum is to be invariant under a spatial translation. Here a, b, c are constants and a ′
denotes a derivative with respect to x2. First consider (3.41). If a = 0 we have
f(t,x2) = −bt+ d1(x2), (3.43)
while for a 6= 0 we have
f(t,x2) = −1
a
√
d2(x2) + 2abt+ a2t2, (3.44)
where we have subtracted a constant since it trivially solves the background equation of motion
and is Poincare´ invariant. Let’s now turn to (3.42). If a = 0 then we clearly need c 6= 0 since if
we also had c = 0 we would be reduced to the superfluid vacuum which we have already seen is
secretly Poincare´ invariant. With a = 0 and c 6= 0 we find that f(t,x2) becomes
f(t,x2) =
1
c
√
e− c2x2, (3.45)
where again we have dropped a constant and e is a new integration constant which must be
non-zero such that the equation of motion from (3.39) is non-singular. However, this form of f
does not solve the background equation of motion which takes the form
∂µ[(1 +X)
−1/2∂µφ] = 0. (3.46)
We therefore need to take a 6= 0. We again have two options corresponding to c = 0 and c 6= 0.
Taking first c = 0 we see that d2(x
2) must be constant in which case (3.44) is homogeneous but
does not solve the background DBI equation of motion for constant a and b. We therefore need
to take c 6= 0. In this case, starting from (3.44) we have
f ′(t,x2) =
1
2
d′2(x2)
a2f(t,x2)
, (3.47)
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and plugging this into (3.42), and assuming f(t,x2) 6= 0, we have
f(t,x2)
(
1 +
d′2
a2
)
+
d′2
c a2
= 0 . (3.48)
Since d2 = d2(x
2) there is no way for the time dependence of the first term to be cancelled (when
a 6= 0). So we need d′2 = −a2 but then the equation can’t be satisfied: there are no solutions
to (3.48). We therefore conclude that there are no vacuum solutions to the scalar DBI theory
that preserve some form of spacetime translations and rotations but spontaneously break Lorentz
boosts.
We have also confirmed this using method ii) outlined above. The generator content of the
DBI theory suggests it should correspond to the tree in Figure 3b. However, we have checked
that it is impossible to bring the algebra into this form by a basis change and therefore it is
impossible to realise all the necessary inverse Higgs constraints to reduce to a single scalar.
Special Galileon
The special galileon is the only other exceptional EFT in the Poincare´ invariant case [13]. What
makes this galileon theory special with respect to the more general galileon theory (3.25) is that
it is invariant under
δSµνφ = x
µxν + ∂µφ∂νφ, (3.49)
in addition to the shift symmetry and the usual galileon symmetry δVµφ = x
µ. The symmetry
generator Sµν is symmetric and traceless. This is a symmetry for g2 = −1/2, g4 = 1/12, g1 =
g3 = g5 = 0 [28]. Now is there a vacuum solution to the special galileon theory that breaks
Lorentz boosts while preserving some form of spacetime translations?
First consider the superfluid background 〈φ〉 = µt. This is clearly a solution to the the-
ory since it is derivatively coupled. However, the transformation of this background under a
boost can be cancelled by δViφ as we saw for DBI above. Next consider the galileid solu-
tion 〈φ(x)〉 = 12
(
βx2 − αt2). Under a boost we have δKi 〈φ〉 = (β − α)txi but we also have
δS0i 〈φ〉 = (1 + αβ)txi. If αβ 6= −1 a linear combination of these leaves the vacuum invari-
ant and so boosts are not broken. If we instead have αβ = −1 (which can indeed solve the
background equation of motion) then this part of the special galileon symmetry no longer has
a field-independent term. It is for this reason we did not find this theory above and indeed
there is no sense in which it would correspond to a special galileid theory: it would have fewer
non-linearly realised symmetries. Note that this is an example of the possibility we alluded to
in section 3.1 where symmetries outside of the tree structure (i.e. additional linearly realised
symmetries) could be used to form SO(1, 3) irreps out of SO(3) ones. As we explained there,
we believe this deserves further attention as a concrete example of additional linearly realised
symmetries when boosts are spontaneously broken. We provide some further details in appendix
A.
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As we did for DBI let’s now look at a more general background and ask if boosts can be
broken but with some form of spacetime translations preserved. Writing 〈φ〉 = f(t,x2) we have
the following scalar and vector symmetries
δP¯0 〈φ〉 = −f˙ , δP¯i 〈φ〉 = −2f ′xi, δQ 〈φ〉 = 1, δV0 〈φ〉 = t δVi 〈φ〉 = xi, (3.50)
δS 〈φ〉 = t2 + x
2
3
+ f˙2 +
4x2
3
f ′2, δS0i 〈φ〉 = txi − 2f˙f ′xi. (3.51)
Here we have defined S = S00 = δ
ijSij where the final equality is due to Sµν being traceless. The
conditions on f(t,x2) such that we preserve some form of spacetime translations are therefore
f˙ + a+ bt+ c
(
t2 +
x2
3
+ f˙2 +
4x2
3
f ′2
)
= 0, (3.52)
2f ′ + d+ e(t− 2f˙f ′) = 0, (3.53)
where a, . . . , e are constants. Now it is clear that we need both f˙ 6= 0 and f ′ 6= 0 otherwise the
solution is at most quadratic in the co-ordinates and such solutions do not break boosts, as we
have discussed above. If f˙ = 0 then (3.53) tells us that e = 0 and f(x2) = −dx2/2 + const, and
if f ′ = 0 (3.52) tells us c = 0 and f(t) = −at− bt2/2 + const. So from now on we assume that f
is a function of both t and ]bfx2.
When e = 0 the second equation is solved by f(t,x2) = −d2x2 +g(t) where g(t) is an arbitrary
function of time. Pluging this into (3.52) implies c = 0 and so we find the general solution
f(t,x2) = −1
2
(dx2 + bt2)− at . (3.54)
The linear part is the usual superfluid background while the quadratic part is the galileid back-
ground. As discussed above, the only way this background can break boosts is if d = 1/b and
a = 0. Again, this case is special (see Appendix A). When d 6= 1/b the background actually does
not break boosts. So we need to look for another solution.
We turn to the case e 6= 0, here we found a two parameter (c1, c2) solution to (3.53):
f(t,x2) = c2 +
d+ et
e2
± 1
e
√
(d+ et)2 (1 + e2(x2 − c1)) , (3.55)
but this solution cannot solve (3.52) at the same time for any choice of parameters. We take
this as strong indication that there are no solutions to both (3.52) and (3.53) with e , c 6= 0.
Equations (3.52) and (3.53) are two non-linear inhomogeneous PDE’s: it seems very unlikely
that when e , c 6= 0 there could be common solutions to both. That being said, from (3.53) we
can write
f ′ =
d+ et
2(ef˙ − 1) , (3.56)
where we have taken ef˙ − 1 6= 0 since if it vanished we would need e = 0 from (3.53) which
would lead to a contradiction. Plugging this expression for f ′ into (3.52) we could reduce the two
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equations to a unique, quartic non-linear inhomogeneous ODE:
(ef˙ − 1)2
(
f˙ + a+ bt+ ct2 +
cx2
3
+ cf˙2
)
+
(d+ et)2x2
3
= 0. (3.57)
A complete study of the existence and uniqueness of solutions to this equation is obviously very
non-trivial and beyond the scope of our analysis. However, we find it very unlikely that such a
complicated solution to this equation would ultimately solve the background equation of motion
of the special galileon.
One may wonder how the extended galileid can have non-linearly realised boosts when the
additional symmetry written in term so φ (3.34) looks very similar to the special galileon sym-
metry (3.49). The point is that for the extended galileid the additional symmetry is generated by
a scalar and therefore in contrast to the special galileon it does not contain a vector component
that can be used to compensate for a boost transformation.
4 DBI with cs < 1: Lorentz Invariance in Disguise
As we alluded to in the previous section, the usual linear expectation value for the scalar field
〈φ〉 = µt, does not break boosts in the DBI theory. This is easily understood by noticing that the
variation of the vacuum with respect to the boost in the ith direction precisely cancels against
the transformation under the DBI vector symmetry Vi (3.38) i.e.
δV i 〈φ〉 = µ−1 δM0i 〈φ〉 . (4.1)
Using the commutators of DBI symmetry generators, namely
[Vµ, Vν ] = Mµν , [Vµ, Q] = −Pµ , [Pµ, Vν ] = −ηµν Q , (4.2)
one can easily see that the generator
Ki ≡ 1√
1− µ2 (M0i − µVi) , (4.3)
satisfies
[Ki,Kj ] = −Mij , [P¯i,Kj ] = 1√
1− µ2 P¯0δij , [P¯0,Ki] =
√
1− µ2P¯i . (4.4)
After rescaling P¯0 to
√
1− µ2P¯0, it becomes evident that Ki, which is linearly realised, plays the
role of boosts in a Poincare´ algebra.
However, from the look of the DBI Lagrangian perturbed around this superfluid vacuum solu-
tion, the fact that boosts are not broken is by no means obvious, see e.g.(4.6). For one thing, the
fluctuations of the scalar field (or in the language of the EFT for inflation, the Goldstone mode
of the broken time translations) acquires a non-trivial speed of sound cs 6= 1 on this background,
an avatar of breaking Lorentz symmetry24. Secondly, there are cubic vertices in the Lagrangian,
24Of course what is physically relevant is the ratio between the speed of sound of the phonon and the velocity that
appears in boosts (which we have set to unity in this work).
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namely p˙i3 and p˙i(∂ipi)
2, which are otherwise absent in a Lorentz invariant theory, and they po-
tentially generate s, t and u channel singularities in 2→ 2 scattering amplitudes of the phonons.
In this section we elaborate on the secret Lorentz invariance of DBI from two perspectives:
firstly, we explicitly show that three-particle amplitudes vanish, 2→ 2 amplitudes are explicitly
Lorentz invariant and do not have any poles. Secondly, making use of the underlying geometrical
picture of the DBI theory, we work out the non-perturbative field redefinition that maps the
theory with cs 6= 1 to the Lorentz invariant theory. Finally, we discuss the cosmological aspects
of these subtleties encoded in the cosmological correlators of DBI inflation.
4.1 Three and Four Particle Amplitudes
At constant wrap factor, the Lorentz invariant DBI action is:
S = −M4
∫
d4x
√
1 + (∂φ)2 , (4.5)
where M is some energy scale. We begin by writing down the perturbative action for pi, defined
through φ = µ(t+ pi):
S = M4
1− c2s
2c3s
∫
d4x
[
p˙i2 − c2s(∂ipi)2 −
(1− c2s)
c2s
p˙i3 + (1− c2s)p˙i(∂ipi)2+ (4.6)
+
(5− 4c2s)(1− c2s)
4c4s
p˙i4 +
(1− c2s)
4
(∂ipi)
4 +
(−3 + 2c2s)(1− c2s)
2c2s
p˙i2(∂ipi)
2 + ...
]
,
where have set µ = (1− c2s)1/2. In terms of the canonically normalised field pic we have25
L2 = 1
2
p˙i2c −
c2s
2
(∂ipic)
2 , (4.7)
L3 = − 1
M2
(
1− c2s
cs
)1/2
p˙ic L2, (4.8)
L4 = 1
2csM4
L2
[L2 + 2(1− c2s)p˙i2c ] . (4.9)
The three-particle amplitudes generated by the two cubic vertices are
Ap˙i3(p1, p2, p3) = −6iE1E2E3 , (4.10)
Ap˙i(∂ipi)2(p1, p2, p3) = −2i (E1p2 · p3 + E2p1 · p3 + E3p1 · p2) ,
where pµi = (Ei,pi) are the four momenta of the external phonons, with Ei = cs|pi| on-shell and
all particles are considered as ingoing, hence pµ1 + p
µ
2 + p
µ
3 = 0. Writing pi · pj in terms of the
energies and using the conservation of energy and momentum we find
Ap˙i(∂ipi)2 = −6ic−2s E1E2E3 . (4.11)
25In the case where the action (4.6) is derived from the EFT of inflation in the flat-space, decoupling limit, the
energy scale M is fixed by fpi and cs as M
4 = f4pi/(1− c2s). However we keep it general in what follows.
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As a result, the three particle amplitude for DBI vanishes. Of course, this is not an accident
since, up to unimportant boundary terms, the cubic part of the DBI Lagrangian is proportional
to the free field equation of motion
L3 ∝ p˙icpic
(
p¨ic − c2s∂i∂ipic
)
+ boundary, (4.12)
and therefore does not yield an on-shell three-particle amplitude.
For the benefit of computing the 2→ 2 scattering amplitude, let us define
s = (E1 + E2)
2 − c2s(p1 + p2)2 = 2E1E2 − 2c2s(p1 · p2) , (4.13)
t = (E1 + E3)
2 − c2s(p1 + p3)2 = 2E1E3 − 2c2s(p1 · p3) ,
u = (E1 + E4)
2 − c2s(p1 + p4)2 = 2E1E4 − 2c2s(p1 · p4) ,
and as usual for massless particles we have s + t + u = 0. The entire contribution to the four-
particle amplitude from the exchange diagram simplifies to
iAexchange = −i
M4
(
1− c2s
cs
)[
(E1 + E2)
2s+ (E1 + E3)
2t+ (E1 + E4)
2u
]
. (4.14)
As expected, this contribution does not have the common s, t and u singularity, precisely because
there is no on-shell three particle amplitude. Moreover, (4.14) exactly cancels the contribution
to the four-particle amplitude from the p˙i2cL2 part of (4.9). Therefore, the full 2 → 2 amplitude
is effectively generated solely by the following contact interaction
Lcontact = 1
8csM4
(
p˙i2c − c2s(∂ipic)2
)2
, (4.15)
and is given by
iA2→2 = − i
8csM4
(s2 + t2 + u2) . (4.16)
This amplitude entertains a new boost symmetry as it involves the Lorentz contractions of a new
set of four momenta
p˜µi ≡ (Ei, cspi) . (4.17)
Notice that our new boosts are different from the non-linearly realised boost of the original
Lagrangian (4.5), as they now leave the velocity of phonons (i.e. cs) invariant, but obviously
they still obey the same commutators. In conclusion, the three and four particle amplitudes are
exactly what one finds in a Lorentz invariant theory.
4.2 A Field Redefinition to All Orders
Of course, the miraculous cancellations observed in the three and four particle amplitudes are
artefacts of expanding the Lagrangian in terms of variables that hugely obscure the intrinsic
Lorentz invariance of the theory. Here we find the non-perturbative field redefinition that allows
us to write the Lagrangian in a manifestly Lorentz invariant form.
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Thanks to the geometrical origin of the DBI theory, it is straightforward to see why 〈φ〉 = µt
is not a Lorentz violating vacuum and to immediately derive the field redefinition we are aiming
for. The DBI Lagrangian (4.5) can be interpreted as a Nambu-Goto action of a 4-dimensional
flat brane living in a 5-dimensional Minkowski bulk with action
S = −M4
∫
d4x
√
−Det
(
ηAB
∂XA
∂xµ
∂XB
∂xν
)
, A,B = 0, 1, ..., 4 . (4.18)
This action has two sets of symmetries,
ISO(1, 4) : XA → ΛA BXB + cA , Diff(4) : XA(x)→ XA(x+ ξ(x)) . (4.19)
By using the latter one can gauge fix the Lagrangian by choosing
XA =
(
t, x, φ(t,x)
)
, (4.20)
and re-derive (4.5). From this standpoint, the 〈φ〉 = µt solution corresponds to the brane moving
with a uniform velocity in the extra dimension. Obviously, as seen by a boosted observer that
is co-moving with the brane, the dynamics of the phonons is relativistic26. To see this more
explicitly, notice that under a boost transformation along the fifth dimension, with Lorentz
factor γ−1 =
√
1− µ2, the world-volume (4.20) transforms into
X¯A =
(
γ(t− µφ(t,x)), x, γ(φ(t,x)− µt)
)
=
(
t
γ
− µ2γ pi(t,x), x, γµ pi(t,x)
)
, (4.21)
where we have set φ(t,x) = µ(t+ pi) in the second equality. We further use the diff invariance of
(4.18) to reparametrise the time coordinate on the brane as
t˜ ≡ t
γ
− µ2γ pi(t,x) . (4.22)
This relation can be inverted perturbatively in pi and its time derivatives as
t = γ t˜+ µ2γ2 pi(γt˜,x)
[
1 + µ2γ2 p˙i(γt˜,x)
]
+ ... . (4.23)
Clearly, the t = γ t˜ part of the transformation above is the usual time dilation of the moving frame
and explains why phonons propagate with velocity cs = γ
−1 =
√
1− µ2 < 1 as measured by an
observer sitting at rest, whereas for the comoving observers, phonons move on the relativistic
light cone. Following (4.22), XA transform into
X˜A =
(
t˜, x, γ µ pi(t[t˜],x)
)
, (4.24)
where t[t˜] is a shorthand for the inverse of (4.22). Defining a new field through
p˜i(t˜,x) ≡ µγ pi(t[t˜],x) = µ√
1− µ2 pi(t[t˜],x) , (4.25)
26In the 5-dimensional picture, all inertial frames are physically equivalent.
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it is clear that the Lagrangian for p˜i is that of DBI in flat space, i.e. S = −M4 ∫ d4x˜√1 + (∂µp˜i)2.
Expanding around p˜i = 0, the inverse of (4.25) will take the following form
pi(t,x) =
cs√
1− c2s
p˜i(cst,x)− p˜i(cst,x) ˙˜pi(cst,x) + ... . (4.26)
As a non-trivial check, applying the first two terms of the above field transformation to the
quadratic part of the perturbative Lagrangian for pi (4.6) leads to a Lorentz invariant kinetic
term for p˜i, and moreover, it eliminates the cubic vertices and leads to a single Lorentz invariant
interaction
1
8
M4 (∂µp˜i)
4 at quartic order, in complete agreement with the results for three and
four particle amplitudes in the previous section.
4.3 Imprints on Cosmological Correlators
DBI inflation [72] is one of the most studied model of single-field inflation derived from string
theory. It is also a prototypical example in which the scalar fluctuations acquires a speed of sound.
In the limit of the EFT of inflation, where an approximate shift symmetry for pi is restored, the
potential and the warp factor in the DBI action become constant and the theory will be effectively
described by the following action27
S = −M4
∫ √−g¯√1 + g¯µν∂µφ∂νφ . (4.27)
In the flat space limit, i.e. g¯µν → ηµν , this action enjoys the ISO(1, 4) symmetry [74] as discussed
above. Despite the fact that correlators in the EFT of inflation are not invariant under those
symmetries, as we discussed in section 2, the total energy pole of inflationary correlators is
supposed to reflect the symmetries of the theory in the flat space limit. Motivated by this
expectation and as an example, let us inspect the behaviour of the DBI three point function on
the total energy pole. In terms of the parametrisations of the EFT action (2.3), DBI inflation
has cubic coupling:
c3 =
3
2
(c2s − 1) . (4.28)
This, in combination with (2.8), indicates that the residue on the total energy pole of the three
point function in DBI inflation vanishes i.e.
lim
e1→0
1
e3
∏
Pki
〈pik1pik2pik3〉′DBI = f4pi
c2s − 1
c2s
12e3
H e31
[
−1 + c2s −
2
3
c3
]
+O(e−21 )
= 0 +O(e−21 ) . (4.29)
This is simply due to the fact that three particle amplitude vanishes for DBI in flat space. Of
course, direct inspection of (2.5) reveals a sub-leading total energy pole of order 1/e21. The sub-
leading pole can be traced back to the cubic operators that will be generated after performing
the perturbative field redefinition
pi → pi − 1− c
2
s
c2s
p˙ipi . (4.30)
27See also [73] for a string theoretic model of inflation in which the DBI warped factor is constant.
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In flat space, this field redefinition eliminates the cubic vertices p˙i3 and p˙i(∂ipi)
3, but in the EFT of
inflation it leads to two cubic operators proportional to Hubble and a boundary term, namely28
∆S =
∫
a3 dt d3x
M2p |H˙|
c4s
(1− c2s)
(
3Hpip˙i2 − 3Hpi (∂ipi)
2
a2
+ ...
)
+ Sb . (4.31)
The newly born cubic terms, namely pip˙i2 and pi(∂ipi)
2, have one less derivative with respect to p˙i3
and p˙i(∂ipi)
2 and it is these operators that lead to the now leading 1/e21 pole, in agreement with
the explicit expression (2.5). We conclude that the secret Lorentz invariance of DBI inflation at
high energy scales is encoded in the order of the total energy pole of correlators. As an illustra-
tion, we considered the three point function of pi, where a generic single field theory with a speed
of sound cs 6= 1 exhibits a pole of order 3, and, by contrast, DBI inflation has a pole of order 2.
As such, DBI is a counter-example to the common lore that the residue of a boundary correlator
at its total energy pole is proportional to the flat space amplitude of the theory. Of course this is
a very weak counter-example since here the amplitude is actually zero. Here we have attributed
this to the enhanced symmetry in the flat space limit, and it would be interesting to find other
examples of this behaviour.
Interestingly, one can derive inflationary correlators by taking exact de Sitter invariant ones
(i.e. with unbroken de Sitter boosts) and putting some of the external legs on the background [29].
A simple example would be to use the correlators of a P (X) theory. Expanding in powers of the
background, at linear order one will find that the three-point inflationary correlator coming from
X2 = (∂φ)4 is proportional to the DBI one we have discussed here. Indeed, the cubic operators
combine into a single object that is proportional to the quadratic theory. One will therefore find
that the order of the total energy pole is 2 whereas the de Sitter invariant four-point function
from where this three-point function came from had an order 3 pole [29]. This is however only
a consequence of expanding to linear order in the background. Indeed, by taking higher order
contact terms and putting more legs on the background one finds that cs 6= 1 and the generic
cubic order pole for the inflationary three-point function will be recovered.
5 Scattering Amplitudes of Phonons
5.1 Soft Theorems
The Poincare´ invariant scattering amplitudes of scalar theories with spontaneously broken sym-
metries (including a shift symmetry) exhibit non-trivial soft theorems dubbed “generalised Adler
zero’s”. The derivation of these soft theorems resembles that of a Nambu-Goldstone boson of a
spontaneously broken U(1) symmetry. Consider for example the following non-linearly realised
symmetry of degree n in a Poincare´ invariant theory
δφ = aµ1...µnx
µ1 ...xµn + f(φ, ∂mφ, x) , (5.1)
28This boundary term does not modify the correlators of pi, inasmuch as it is real at η = 0, and thereby does
not contribute to the real part of the wavefunction of the universe: ψ ∝ exp(iS). Also notice that the shown
field redefinition does not change the correlators on the boundary up to slow-roll corrections simply because its
non-linear part is proportional to p˙i.
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in which f(φ, ∂mφ, x) is a function of φ and its derivatives and vanishes for φ = 0. For a Poincare´
invariant theory aµ1...µn is a SO(1, 3) irrep i.e. it is a symmetric traceless rank-n tensor. The
Noether current associated with (5.1) is given by
Jµ =
[−aµ1...µnxµ1 ...xµn∂µ + naµµ2...µnxµ2 ...xµn]φ+Kµ(φ, ∂mφ, x) , (5.2)
in which Kµ starts at quadratic or higher order in φ and its derivatives. The soft theorem
generated by this current can be derived from the following Ward identity∫
d4x exp(−iq · x)∂µ〈β, out|Jµ(x)|α, in〉 = 0. (5.3)
Above, |α, in〉 and |β, out〉 are “in” and “out” multi-particle states consisting of hard modes in a
scattering process, and q is some on-shell soft momentum, i.e. q2 = 0. Inserting the first term of
(5.2) in the Ward identity and using the LSZ formula we find
−
∫
d4x exp(−i q · x) aµ1...µnxµ1 ...xµn〈β, out|φ(x)|α, in〉
=− in+1 aµ1...µn
∂
∂qµ1
...
∂
∂qµn
〈β + qµ, out|α, in〉 . (5.4)
In computing the contribution from the second term in (5.2), one is allowed to perform integration
by part inasmuch as Kµ is quadratic in the field and the interactions are asymptotically switched
off29, hence the absence of boundary terms. We thus find
in aµ1...µn
∂
∂qµ1
...
∂
∂qµn
〈β + qµ, out|α, in〉 = qµ 〈β, out|Kµ(−q)|α, in〉 . (5.5)
In the soft limit, the right hand side vanishes if and only if the matrix element 〈β, out|Kµ(−q)|α, in〉
is regular at q = 0. In a Poincare´ invariant, shift symmetric theory this is always the case since
all cubic vertices can be removed be a field redefinition. Indeed, the most general three-particle
amplitudes for scalars are constant and this constant must vanish if there is a shift symmetry.
The subsequent soft theorem reads
lim
q→0
aµ1...µn
∂
∂qµ1
...
∂
∂qµn
〈β + qµ, out|α, in〉 = 0 . (5.6)
This, in conjunction with all the other non-linearly realised symmetries at lower degrees (i.e.
0, 1, . . . , n − 1), implies that 〈β + qµ, out|α, in〉 should vanish at order O(qn+1) in the soft limit.
See [76] for further details.
As we pointed out above, the key ingredient in concluding (5.6) was the absence of cubic
vertices, or in other words, the absence of non-zero on-shell three-particle amplitudes. When
present, the matrix element 〈β, out|Kµ(−q)|α, in〉 generically has a 1/q0 pole in the soft limit
and (5.6) does not hold. This is simple to understand for four-particle amplitudes since when
the intermediate particle is taken on-shell in an exchange process, unitarity tells us that the
29See Section 2.4 of [75]
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α β
~q
Figure 4: The soft limit of the scattering of phonons is dominated by diagrams within which the soft
momentum is attached to an external leg.
amplitude should factorisation into a product of on-shell three-particle amplitudes. The residue
is therefore only non-zero if these three-particle amplitudes are non-zero. To see that this a
problem when boosts are non-linearly realised, consider a superfluid theory with a cubic vertex
p˙i3. Similar to the scattering amplitudes with soft photons or gravitons [77], the soft behaviour
of the scattering of phonons in a process such as α → β + q is dominated by diagrams inside
which the soft momentum is attached to an external leg, see Figure 4. We then find
lim
q→0
〈β + qµ, out|α, in〉 ∝ 〈β, out|α, in〉
∑
a
p2aq
c2s(ηapa + q)
2 − c2s(ηapa + q)2
(5.7)
= 〈β, out|α, in〉 1
c2s
∑
a
ηapa
1− pˆq · qˆ .
Here ηa equals +1 or -1 for outgoing and ingoing particles, respectively, and pa’s are the external
momenta. Now, as an example, consider the current associated with the broken boosts of a
superfluid theory
JµKi = (−xi∂µ + ηµi)φ+Kµ . (5.8)
Comparing the above soft limit with the schematic form of the Ward identity in (5.5) indicates
that Kµ must have a pole at q = 0. The same happens for any other broken symmetry when
cubic vertices are present.
Although in this section we focus on S-matrix soft theorems, we should emphasise that in
cosmology there is no roadblock to finding single soft theorems for non-linearly realised symme-
tries for correlators, even if cubic vertices are present [78, 79]30. In our flat space setting, it is
also possible to derive similar soft theorems for in-in correlators in Minkowski space. We leave
this and the derivation of cosmological soft theorems (associated with non-linear symmetries) to
future work. In the second case, one must first perform a classification of symmetries around
cosmological backgrounds and we outline our plans in this direction in Section 6.
30For recent developments of soft theorems for setups with additional internal symmetries see also [31, 32, 80].
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5.2 Inevitability of Cubic Vertices
It turns out that for the superfluid and galileid theories we have discussed in this paper non-
zero three-particle amplitudes, and therefore four-particle amplitudes with poles, are actually
inevitable. In Poincare´ invariant theories, non-perturbative three-particle amplitudes are fixed
by the little group scaling of the external particles leaving only an undetermined coupling con-
stant, see e.g. [7] for a review. Scalars do not have helicity and therefore do not transform under
the little group. As such the most general three-particle amplitude is a constant. When Lorentz
boosts are broken, the non-perturbative three-particle amplitudes have the same structure as
their Poincare´ invariant counterparts, but now the previously constant coupling can be an arbi-
trary function of the three energies of the particles [21]. For identical scalars this function should
be a symmetric polynomial in the energies and can therefore be written in terms of the three el-
ementary symmetric polynomials (2.6). However, on-shell conservation of energy dictates e1 = 0
(we take all particles as incoming) and therefore the three-particle amplitudes are a function of
e2 and e3 only [21].
Consider first the superfluid action L = P (X) with φ = µt + pi and X = gµν∂µφ∂νφ. By
expanding the action, canonically normalising the phonon and rescaling the spatial coordinates
such that the quadratic action is Lorentz invariant the Lagrangian becomes
Lpi = −1
2
(∂µpi)
2 + α1p˙i
3 + α2p˙i(∂ipi)
2, (5.9)
where
α1 =
µ√
2
P ′′ − 23µ2P ′′′
(P ′(P ′ − 2µ2P ′′)) 34
, (5.10)
α2 = − µ√
2
P ′′(2µ2P ′′ − P ′) 14
(−P ′) 74
, (5.11)
with P ′ = ∂P/∂X. Now if we write p˙i(∂ipi)2 = p˙i(∂µpi)2 + p˙i3 we again get two interaction terms
but only the p˙i3 vertex contributes to an on-shell 3-particle amplitude since as we explained in
section 4 the other term is proportional to pi after integration by parts and therefore vanishes
on-shell. The three-particle amplitude is therefore proportional to (α1 +α2)e3 and so we require
α1 + α2 = 0 if it is to vanish. This is equivalent to
3P ′′2 − P ′P ′′′ = 0, (5.12)
where we have taken 2P ′′µ2 − P ′ 6= 0 and P ′ 6= 0 such that pi is dynamical and interacting. The
only non-trivial solution to this equation is P (X) = −√1 +X i.e. the scalar DBI theory which
we have already shown is actually secretly Lorentz invariant31. So any superfluid theory, where
boosts are actually spontaneously broken and therefore non-linearly realised, has a non-vanishing
on-shell three-particle amplitude. This in turn ensures that the 2 → 2 scattering amplitude has
a pole. Furthermore, this tells us that DBI is the only P (X) theory that has the softer order 2
31Another solution to (5.12) is the cuscuton theory P =
√
X [81], but in this case the phonons are non-dynamical.
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total energy pole in its inflationary three-point function. All other P (X) theories have an order
3 pole since they have a non-zero three-particle amplitude.
Now consider galileids. When the leading Wess-Zumino terms of the galileon theory (3.25) are
expanded around the galileid background (3.27) the power counting is unchanged i.e. cubic ver-
tices have four derivatives and these must all be time derivatives if the three-particle amplitude
is to have a chance of being non-zero. However, given that pi is shift symmetric, the only such
operator is p˙i2p¨i which is a total derivative and therefore does not contribute to the three-particle
amplitude. Therefore the leading order galileid vertices do not yield poles in four-particle ampli-
tudes. However, (3.25) is not the full story for galileons. Indeed, quantum corrections generate
high order operators with at least two derivatives per field [60]. This was to be expected since
such operators satisfy the symmetries of the EFT and so must be included in the derivative ex-
pansion. Take, for example, (∂µ∂νφ∂
µ∂νφ)3. When expanded around (3.27) this operator yields
a (α − β)3p¨i3 term which contributes to the on-shell three-particle amplitude as long as α 6= β
which is precisely the condition for boosts to be spontaneously broken. So for galileids non-trivial
cubic vertices are not automatic in the tree-level Lagrangian, but they will be generated quantum
mechanically and yield poles in four-particle amplitudes.
We therefore conclude that for superfluids and galileids, cubic vertices are inevitable meaning
that these theories do not have vanishing amplitudes in the limit of one external momentum
being taken soft and therefore the they do not admit Adler zero and generalisations. As we
mentioned before, there will indeed be other soft theorems due to the non-linear symmetries we
have discussed here and it would be very interesting to use these to construct the S-matrices
directly from a small amount of on-shell data.
5.3 Weak Coupling Regime
To conclude our discussion of scattering amplitudes for the EFTs we have found in Section 3, we
discuss in this section their weakly coupled regime. Perturbative unitarity bounds on scattering
amplitudes for theories with spontaneously broken boosts have recently been worked out in [82].
We recall their main results here and apply them to the scaling and conformal superfluids. In
particular we show necessary conditions for which these theories describe weakly coupled phonons
on sub-horizon scales during inflation. We leave the case of the galileid theories for future work.
Because of the broken Lorentz symmetry, the amplitudes have fewer kinematical constraints
than their Lorentz invariant counterparts. Indeed, 2 → 2 amplitudes A(p1p2 → p3p4) now not
only depend on the internal energy of the particles Es = E1 + E2 (e.g. in the center of mass
frame Es =
√
s), but also on the motion of the overall system of particles ps = p1 + p2 with
respect to the background, as well as three scattering angles:
A(p1, p2 → p3, p4) = A(Es, |ps|, θ1, θ3, φ1 − φ3), (5.13)
where θi, φi are the longitudinal and azimuthal angles between pi and ps respectively. In usual
Poincare´ invariant scattering processes the “momentum of the system” is boosted away to be
38
ps = 0 (in the center-of-mass frame) but in these theories this would yield a loss of generality:
different inertial frames are physically distinct32. Partial wave unitary bounds used to probe the
strong coupling scale of EFTs must therefore be adapted accordingly. It was proposed in [82] to
expand the amplitude in terms of spherical harmonics, instead of the usual Legendre polynomials,
as
A(Es, |ps|, θ1, θ3, φ1 − φ3) = 16pi
2E2s (1− ρ2s)
E1E3
∑
`1,`3
∑
−`1<m1<`1−`3<m3<`3
am1m3`1`3 (Es, ρs)Y
m1∗
`1
(pˆ1)Y
m3
`3
(pˆ3) ,
(5.14)
where ρs = cs|ps|E−1s and the spherical wave coefficients satisfy the selection rule am1m3`1`3 =
δm1m3(am1)`1`3 . Perturbative unitarity is then the usual constraint that spherical wave coeffi-
cients,
am1m3`1`3 (Es, ρs) =
1
1− ρ2s
∫
d2p1
4pi
d2p3
4pi
Y m1`1 (pˆ1)Y
m3∗
`3
(pˆ3)
E1
Es
E3
Es
A(p1p2 → p3p4) , (5.15)
are bounded above as33 ∣∣∣Re am``(Es, ρs)∣∣∣ < 1/2 . (5.16)
Most importantly, when boosts are spontaneously broken, there are two physical scales con-
trolling unitarity of perturbation theory: the internal energy of scattering Es as well as the
momentum of the system |ps| (or equivalently the velocity ρs of the system). The EFT can break
down at either large energy or large momenta. Equivalently one can also think in terms the
Mandelstam variable away from the center-of-mass frame s = E2s − c2s|ps|2 with strong coupling
attained at some smax and |ps|max [82].
Let us see how this works out in the case of the scaling superfluid (3.17). The couplings of the
theory are uniquely fixed in terms of the speed of sound cs (or equivalently the scaling exponent
α). Therefore by using the bound (5.16) we can access the unitary region in the (Es, |ps|) (or
(s, |ps|)) plane solely in terms of cs. Furthermore, by setting cs = 1/
√
3⇔ α = 2, full conformal
symmetry is recovered: there are no more free parameters in the action and we can determine
the full weakly-coupled region of the conformal superfluid. Bounds on the weakly-coupled regime
of the scaling superfluid are shown in Figure 5 for spherical wave coefficients up to ` = 2 and for
different values of the speed of sound34.
Our primary motivation for studying these superfluids was their application to the EFT of
inflation to describe scalar fluctuations on sub-horizon scales (c.f. Section 2.1). Naively, since
32In single-clock models of inflation like the EFT of inflation, this is easily understood by the presence of the cosmic
frame. The “clock” driving inflation defines a preferred reference frame in which the expansion is isotropic e.g.
set by the vector nµ ∝ ∂µ 〈φ(t)〉.
33As discussed in [82], there exist in fact stronger unitarity bounds on the am`` ’s, namely a
m
`` >
∑
j |am`j |2, which
yields stronger bounds on the strong coupling scales. For the sake of clarity we only consider in this work the
simplest bounds (5.16) and leave an analysis of the full bounds to future work.
34Note that as cs → 1, the theory becomes free and the bounds are trivial while as cs → 0 the couplings blow-up
and the perturbative unitary region shrinks to zero.
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Figure 5: Bounds on the perturbative unitary regions of the scaling superfluid for spherical wave coefficient
up to ` = 2. Each colored region corresponds a different value of cs with the conformal superfluid
corresponding to cs = 1/
√
3. All colored regions extend to arbitrarily low |ps|, Es and s, as spherical
wave coefficients get smaller. The dashed enclosed region represents the subhorizon regime of scattering.
Left : Weakly-coupled regions for various scattering energies Es and momenta |ps|. The patterned region
is forbidden kinematically. Right : Same weakly-coupled regions, this time in terms of the Mandelstam
variable s and momentum |ps|. For a given cs, the maximum s = smax is reached at low |ps| while |ps|max
is reached at an intermediate s.
the only relevant energy scale in the decoupling, flat space limit of the EFT is the Goldstone
decay constant fpi = (2csM
2
P |H˙|)1/4, one would take the action (3.17) and set µ→ fpi. However
this is not the right thing to do. The reason is that for such P (X) theories whose couplings are
fully fixed by cs, fixing the background solution to be FLRW (away from the flat space limit)
necessarily involves the speed of sound. For the scaling superfluid this can be seen from the
Friedmann equation
M2pl|H˙| = XP,X = µ4α = µ4
c2s + 1
2c2s
. (5.17)
It follows simply then that correct map from the superfluid (3.17) to the flat space limit of the
EFT of inflation is
µ2 =
√
cs
1 + c2s
f2pi . (5.18)
Observations of the primordial power spectrum fix fpi in terms of the Hubble parameter in
inflation, fpi = (58.64± 0.33)H [83]. We can thus deduce from the perturbative unitarity bounds
(5.16) the conditions for the scaling superfluid to be weakly-coupled on sub-horizon scales. This
region is shown on Figure 5. For most of the 0 ≤ cs ≤ 1 range, the scaling superfluid is weakly
coupled on these scales and the EFT provides a useful description of sub-horizon physics. However
for small enough cs, or equivalently large enough exponent α =
1
2c2s
(c2s + 1), the theory becomes
strongly coupled on sub-horizon. Together with the stability constraints (absence of ghosts,
gradient instabilities etc.) this effectively bounds the allowed value for the scaling superluid
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exponent. From our analysis we find
1 ≤ α < 181 , (5.19)
which in terms of the speed of sound translates to 119 < cs ≤ 1. Scaling superfluids with α ≥ 181
or cs ≤ 1/19 do not describe weakly coupled EFTs on sub-horizon scales during Inflation. On
the other hand, the conformal superfluid (α = 2) is shown to be weakly coupled on sub-horizon
scales up to energies around fpi i.e. more than an order of magnitude above H.
Finally let us recall that there exists additional bounds on the weak coupling region of these
theories, coming from spherical wave coefficients beyond ` = 2, as well as improved unitarity
bounds (see footnote 33). From the analysis of [82] we can estimate up to which ` we need
to compute the spherical waves to get the strongest possible bounds. Indeed, at low s, the α1
coupling dominates the amplitude (since it controls the 1/s singularity) and the spherical wave
coeficients can be solved analytically for any am1m3`1`3 . We then have good control over the low `
approximation. In the case at hand, at small cs, when the scaling superfluid becomes strongly
coupled on all sub-horizon scales, the ` = 2 bounds we use here to derive (5.19) are strongest.
On the other hand at large cs, and low s, we know there should exist stronger bounds on |ps|
from ` > 2. Although this does not alter the conclusion that the conformal superfluid is weakly-
coupled on sub-horizon scales and up to energies s ≈ f2pi , it would certainly be relevant to anyone
wishing to study the theory in more details. We leave a full analysis of these bounds for future
work and refer the interested reader to [82] for more details.
6 Discussion and Future Work
Although scalar field theories are not heavily constrained by locality and unitarity in the same
way spinning particles are, scalar EFTs can be neatly classified and constrained by symmetries
they non-linearly realise. For Poincare´ invariant theories there are two complementary ways of
classifying and looking for new symmetries. The first relies on the existence of an Adler zero for
soft scattering amplitudes which states that in the limit where one external momentum is taken
soft the amplitude vanishes. Asking that the amplitude vanishes more quickly constrains the
couplings of the theory and implies the presence of extra symmetry. These techniques have been
used in [9–12]. The second uses an algebraic classification, guided by the coset construction and
the novel inverse Higgs constraints, to classify the algebras that can be non-linearly realised on a
single scalar. This technique has been used in [13, 14] and such a classification is now complete
and summarised in Table 1.
In this paper we have considered a similar classification for systems with less linearly realised
symmetry, primarily motivated by cosmology where Lorentz boosts are spontaneously broken.
We have considered the possible symmetries of a self-interacting, shift-symmetric phonon which
we assume non-linearly realises Lorentz boosts. Such scalar theories arise in the decoupling limit
of cosmological EFTs e.g. the EFT of inflation.
We have shown in section 5 that an Adler zero does not exist when Lorentz boosts are spon-
taneously broken. This is because cubic vertices are now a necessary part of the EFT, even in
the presence of a shift symmetry, and therefore four-particle amplitudes do not vanish in the soft
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limit since there is an exchange diagram with a 1/p1 · p2 pole and we would like to take p1 or p2
soft. For Poincare´ invariant theories there are no cubic vertices when there is a shift symmetry
and so all amplitudes are regular in the soft limit. This does not mean that the shift symmetry
for the phonon does not yield non-trivial consequences for amplitudes; it is just that the soft
theorem is not an Adler zero. For this reason we have chosen to pursue an algebraic classification
in this paper which, in comparison to the on-shell approach, still allows us to avoid redundancies
such as field redefinitions.
Our classification was presented in section 3. We have rediscovered some well-known phonon
theories such as superfluids which can be further classified into scaling or conformal superfluids,
and galileids which correspond to the broken phase of the galileon whose role in cosmology ranges
from the longitudinal mode of a massive graviton [48, 84] to a method of driving inflation [68, 69]
or studying its alternatives [85]. Within the broad class of galileid theories we have uncovered a
special subset which we have dubbed the extended galileid. We found six choices of the galileon
couplings (c.f. Table 2) that lead to a new symmetry, thanks to an additional scalar generator,
which when expanded around the galileid vacuum leads to twelve theories for the phonon (Table
3). Six of these have an infinite speed of sound, two have a vanishing speed of sound while the
other four have a finite speed of sound. For three of these, there is a wide range of parameters
that can satisfy 0 < cs ≤ 1 thereby avoiding IR instabilities. Clearly these new extended galileid
theories deserve further attention.
Let us emphasise that the extended galileid theory is not simply the special galileon [28] ex-
panded around a Lorentz breaking vacuum solution. Indeed, we have shown that the exceptional
EFTs of the scalar DBI and the special galileon do not admit such a broken phase where all of
the defining non-linear symmetries remain so. Their defining symmetries are so powerful that
if some form of spacetime translations are preserved by the background, some form of Lorentz
boosts are too. We have presented a detailed account of this for scalar DBI and have outlined
the consequences for cosmology in Section 4. The primary result there is that the order of the
total energy pole for cosmological correlators in DBI inflation is different to what one finds for
a generic superfluid theory. This follows directly from the fact that the DBI theory, when ex-
panded around the superfluid vacuum, actually has Lorentz invariant scattering amplitudes and
therefore a vanishing three-particle amplitude. On the other hand, for the special galileon we
found a Lorentz breaking vacuum solution where one of the non-linear symmetries of the original
theory becomes linearly realised. We provide further details in Appendix A.
Finally, in section 5.3 we have discussed the weakly coupled regime of these EFTs. When
boosts are spontaneously broken, it was shown in [82], that EFTs have different resolving power
in space and in time. Equivalently, perturbative unitarity of scattering amplitudes can break
down at either large internal energies or internal momentum. We have computed these partial-
wave bounds and derived weakly-coupled regions in the energy-momentum cut-off plane for the
scaling and conformal superfluids. Doing so we have shown that, when applied in the context of
the EFT of inflation, a necessary condition for the scaling superfluid to describe weakly-coupled
sub-horizon dynamics of scalar fluctuations during inflation is that 1 ≤ α < 181 or equivalently
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1/19 < cs ≤ 1. It would be interesting to extend this analysis to other theories such as the
galileid and the extended galileids.
There are many avenues for future research directions and below we summarise what we think
are the most interesting ones:
• Including gravity: are there theories where both the phonon (inflaton) and the graviton
transform in non-trivial ways under some symmetry group such that even at finite Mpl
and away from the decoupling limit symmetries remain exact? We have seen in this paper
that unitarity, in the form of a two-derivative kinetic term for the phonon, constrains the
possible symmetry groups in powerful ways. Presumably demanding this for the graviton
too will be very constraining. For any of these such putative symmetry breaking patterns
one could construct a generalised set-up for inflationary EFTs where the goldstone mode
of the broken shift symmetry has different transformations than the usual ones.
• Non-linear symmetries of cosmological correlators: can we extend this analysis to symme-
tries of correlators in, say, de Sitter space? The space of linearly realised symmetries is very
constrained [38] in much the same way the linear symmetries of Poincare´ invariant ampli-
tudes are constrained by the Coleman-Mandula theorem [8]. It will also be interesting to
investigate symmetries of amplitudes and correlators when the de Sitter boosts are weakly
broken as in inflation.
• Other dispersion relations: in this paper we have assumed that the dispersion relation of the
phonon is of the usual linear form. However, there are interesting theories that fall outside
of this class. Most notably there is the ghost condensate [53] and it would be interesting if
interactions there could also be constrained by additional symmetry.
• More degrees of freedom: in this work we have assumed a single essential Goldstone mode.
However, as explained in [52] there are other symmetry breaking patterns (that involve
the breaking of boosts) leading to EFTs with more essential Goldstones. A well-known
example is that of solids [86] which involves three scalars combined into an internal SO(3)
multiplet. Our analysis here using inverse Higgs trees could be easily be extended to cases
with additional essential Goldstones and therefore additional generators at level-0 in the
trees.
• (Linear) symmetries of the S-matrix when boosts are broken: we have discovered that the
special galileon, when expanded around a particular background solution, can develop an
additional linearly realised symmetry. It would be interesting to explore the space of allowed
linearly realised symmetries of scattering amplitudes when boosts are spontaneously broken.
Such an analysis has recently been performed for cosmological correlators in [38].
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A Special Galileon Broken Phase
In this appendix we provide more details on the special galileon expanded around the background
(3.27) with β = −1/α. We show that this background does break boosts spontaneously while
preserving some form of space and time translations. However it falls out of our classification
for an interesting reason: it has an additional linearly realised symmetry that combines with the
non-linear symmetries to form a Lorentz covariant generator in the Lorentz invariant phase.
We have seen in Section 3.5 that when β = −1/α the vector part of the special galileon
symmetry:
δS0iφ = tx
i − φ˙∂iφ , (A.1)
leaves the background
〈φ〉 = − 1
2α
(
x2 + α2t2
)
(A.2)
exactly invariant. Hence it cannot compensate for the boosts transformation and thus boosts are
indeed spontaneously broken. Now the phonon transforms linearly under the symmetry generated
by S0i. Indeed we have
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δS0ipi = αt∂
ipi +
1
α
xip˙i − p˙i∂ipi . (A.3)
The remaining SO(3) generators that form the covariant Sµν are still non-linearly realised as
δSpi = (1 + α
2)t2 +
4 + α2
3α2
xµx
µ − 2αtp˙i − 4
3α
xi∂ipi + p˙i
2 +
1
3
∂ipi∂ipi , (A.4)
δSijpi = x
ixj
(
1 +
4
α2
)
+ 2βx(i∂j)pi + ∂ipi∂jpi , (A.5)
35Note that this transformation contains a piece that is quadratic in pi. As we mentioned in the introduction, we
call all symmetries that are a symmetry of the vacuum linearly realised and those that are broken by the vacuum
non-linearly realised. So even though this symmetry is different to the usual linearly realised symmetries e.g. a
translation or a Lorentz transformation that contain only a linear term in pi, it is still on the same footing and
much different to those with a field-independent term which are indeed broken by the vacuum.
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where recall that S ≡ S00 = δijSij . As expected, these two symmetry generators do satisfy the
required inverse Higgs constraints such that they can be realised by a single phonon. We have
[P0, S] = 2αP0 + 2(1 + α
2)V0 , [Pi, S] =
4
3α
Pi +
4 + α2
3α2
Vi , (A.6)
[P0, Sij ] = 0 , [Pi, Sjk] =
(
1 +
4
α2
)
(δi(jVk))−
2
α
δi(jPk) , (A.7)
[P0, S0i] = −αPi , [Pi, S0j ] = − 1
α
δijP0 . (A.8)
Hence this theory would correspond to a level-2 inverse Higgs tree but with an additional linearly
realised generator as shown in Figure 6. By making the change of basis
Q
ViV0
Wi
STij , S = δ
ijSijS
S0i (linearly realised)+
Figure 6: Inverse Higgs tree for the special galileon broken phase. This theory is not included in our
classification because there is an additional linearly realised generator S0i.
P¯0 = P0 + αV0 , (A.9)
P¯i = Pi +
1
α
Vi , (A.10)
we also verify that space and time translations are indeed linearly realised.
Now it is interesting to take a look at this phonon theory to see if IR instabilities can be
avoided. First we solve the background equation of motion of the special galileon to constrain α
in the background (3.27). We find the following four solutions
α++ = 1 +
√
2 , α−− = −1−
√
2 , (A.11)
α+− = 1−
√
2 , α−+ = −1 +
√
2 . (A.12)
The quadratic action for pi is then
S(2)pi =
∫
d3xdt
(
3
α2
− 1
)(
p˙i2 + c2s(∂ipi)
2
)
, (A.13)
where the speed of sound is
c2s = 3 +
8
α2 − 3 . (A.14)
For α++ and α−−, the kinetic term has the wrong sign and the theory is sick, while for α−+ and
α+− the sign is positive and the speed of sound is c2s = 3 − 2
√
2 ' 0.17. Therefore, at least at
the basic level of the quadratic action, there a solution of the theory that has a healthy boosts
breaking phase.
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